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RÉSUMÉ 
Les fuselages des avions sont généralement en aluminium ou en composite renforcés par des 
raidisseurs longitudinaux (lisses) et transversaux (cadres). Les raidisseurs peuvent être métalliques 
ou en composite. Durant leurs différentes phases de vol, les structures d'avions sont soumises à 
des excitations aériennes (couche limite turbulente : TBL, champs diffus : DAF) sur la peau exté-
rieure dont l'énergie acoustique produite se transmet à l'intérieur de la cabine. Les moteurs, mon-
tés sur la structure, produisent une excitation solidienne significative. 
Ce projet à pour objectifs de développer et de mettre en place des stratégies de modélisations 
des fuselages d'avions soumises à des excitations aériennes et solidiennes. 
Tous d'abord, une mise à jour des modèles existants de la TBL apparaît dans le deuxième cha-
pitre afin de mieux les classer. Les propriétés de la réponse vibro-acoustique des structures planes 
finies et infinies sont analysées. 
Dans le troisième chapitre, les hypothèses sur lesquelles sont basés les modèles existants 
concernant les structures métalliques orthogonalement raidies soumises à des excitations mécani-
ques, DAF et TBL sont réexaminés en premier lieu. Ensuite, une modélisation fine et fiable de ces 
structures est développée. Le modèle est validé numériquement à l'aide des méthodes des élé-
ments finis (FEM) et de frontière (BEM). Des tests de validations expérimentales sont réalisés sur 
des panneaux d'avions fournis par des sociétés aéronautiques. 
Au quatrième chapitre, une extension vers les structures composites renforcées par des raidis-
seurs aussi en composites et de formes complexes est établie. Un modèle analytique simple est 
également implémenté et validé numériquement. 
Au cinquième chapitre, la modélisation des structures raidies périodiques en composites est 
beaucoup plus raffinée par la prise en compte des effets de couplage des déplacements planes et 
transversaux. L'effet de taille des structures finies périodiques est également pris en compte. 
Les modèles développés ont permis de conduire plusieurs études paramétriques sur les proprié-
tés vibro-acoustiques des structures d'avions facilitant ainsi la tâche des concepteurs. 
Dans le cadre de cette thèse, un article a été publié dans le Journal of Sound and Vibration et 
trois autres soumis, respectivement aux Journal of Acoustical Society of America, International 
Journal of Solid Mechanics et au Journal of Sound and Vibration 
Mots clés : structures raidies, composites, vibro-acoustique, perte par transmission. 
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CHAPITRE 1 Introduction 
1.1 Mise en contexte 
Les niveaux de bruit produit à l'intérieur d'une cabine d'avion créent une fatigue prématurée 
chez les membres de l'équipage ainsi que les voyageurs. La conception acoustique est ainsi deve-
nue un enjeu majeur. Cette dimension, longtemps ignorée dans les contraintes de conception des 
véhicules, se retrouve aujourd'hui souvent dans les dossiers d'appel d'offres, y compris dans ceux 
des sous-traitants ne maîtrisant qu'une partie du projet. 
À l'intérieur des véhicules de transport, le bruit est intimement relié aux vibrations des structu-
res. Ces vibrations sont causées par plusieurs phénomènes complexes régissant les appareils aéro-
nautiques pendant leurs mouvements (c.-à-d.: excitations aériennes et solidiennes). En comparai-
son avec les autres phénomènes, la couche limite turbulente (TBL) est la plus difficile à caractéri-
ser. C'est pourquoi les constructeurs d'avions sont généralement obligés à conduire des campa-
gnes expérimentales souvent assez coûteuses pour quantifier la réponse de ces appareils à une telle 
excitation. L'étude du comportement vibro-acoustique des structures d'avions en présence d'une 
TBL ainsi que sa comparaison par rapport à d'autres types d'excitations est alors indispensable. 
Ceci permettra sans aucun doute aux concepteurs d'éviter de céder une partie de leurs projets aux 
études expérimentales. 
Dans un autre volet, le contrôle du bruit intérieur des structures aéronautiques, implique la mise 
en œuvre de deux outils essentiels : la prédiction du bruit et son atténuation. Ces deux outils sont 
complémentaires, car pour aboutir à un contrôle efficace, soit par réduction des vibrations (amor-
tissement structural, ...) soit par absorption du bruit, il est également indispensable de modéliser 
correctement ces structures et de disposer de méthodes de prédictions vibro-acoustiques efficaces, 
précises et peu coûteuses. En effet, les fuselages des avions sont traditionnellement conçus à partir 
des structures portantes en aluminium renforcées par des raidisseurs aussi métalliques. Les structu-
res portantes sont de faibles épaisseurs (environ 1 mm). Les raidisseurs sont généralement orthogo-
naux (lisses et cadres). Cette composition complexe pose un défi majeur qui doit être relevé en 
particulier lorsque ces structures sont soumises à des excitations complexes. 
Actuellement, plusieurs structures aéronautiques sont en composites. Le fuselage extérieur est 
composé de panneaux composites renforcés par des raidisseurs de formes complexes en composi-
tes (ex. : Boeing 787, Airbus 350, Bombardier). Ceci augmente d'avantage la complexité de ces 
structures et pose également un défi à relever en ce qui concerne leurs modélisations. 
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Cette thèse s'inscrit dans un contexte d'assister les ingénieurs dans leurs tâche de modélisation 
des structures d'avions. Des modèles de prédictions vibro-acoustiques des structures d'avions 
soumises à différents types d'excitations sont développés et des analyses sont présentées. Cette 
thèse a été réalisée dans le cadre de la chaire de recherche industriel GRSNG en acoustique appli-
quée à l'aviation. 
1.2 Problématique 
Les structures aéronautiques sont soumises dans les différentes phases de vol à des excitations 
aléatoires larges bandes dues au bruit d'origine aérodynamique produit par l'écoulement de l'air. 
L'environnement acoustique en moyenne et haute fréquence peut détériorer les structures fragiles 
ainsi que les composantes électroniques des équipements embarqués sans parler du confort des 
passagers à bord. La connaissance des propriétés des différents types d'excitations ainsi que la ré-
ponse vibro-acoustique de la structure sont alors nécessaires pour assurer la bonne conception des 
aéronefs. Ces faits permettront de s'affranchir de campagnes expérimentales très coûteuses dans ce 
secteur. 
Pour les structures aéronautiques à voilure fixe, les principales sources d'excitations de la cabi-
ne à la vitesse de croisière sont les fluctuations de pression pariétale dues à la TBL sur le fuselage 
extérieur de l'avion et le bruit causé par les réacteurs. Ce dernier implique essentiellement une ex-
citation aérienne sur la partie extérieure du fuselage et la transmission de l'énergie acoustique dans 
la cabine. Il est d'usage pratique d'utiliser un champ diffus (DAF) pour étudier cette source 
d'excitation. Les moteurs, lorsqu'ils sont montés en arrière, produisent une excitation solidienne 
significative du fuselage ; d'autres sources de bruit intérieur peuvent aussi être importantes dans 
les structures aéronautiques telles que le système d'air conditionné. 
Le fuselage est en aluminium ou en composite renforcé par des raidisseurs longitudinaux (lis-
ses) et transversaux (cadres). Ces raidisseurs peuvent être munis d'un espacement régulier (struc-
ture périodique) et/ou irrégulier. Les panneaux de finitions intérieures sont en composite attachés 
au cadre extérieur par des attaches résilientes (isolateurs utilisés pour réaliser une coupure élasti-
que entre deux structures afin de réduire la propagation des vibrations). Les matelas absorbants 
sont situés dans l'espace d'air entre la peau extérieure et le panneau de finition pour former une 
structure multicouche de haute isolation phonique. Dans certains cas, un traitement 
d'amortissement viscoélastique peut être appliqué sur le fuselage pour augmenter la dissipation de 
l'onde structurale. La Figure 1.1 représente l'architecture type de ces structures. 
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Figure 1.1: Schéma éclaté de l'architecture d'un fuselage 
La situation générale contient des structures multicouches raidies excitées du côté extérieur du 
fuselage soit par le bruit aérodynamique dû à la couche limite turbulente, par des ondes acousti-
ques (tel que le bruit des moteurs) ou par des forces mécaniques (tel que le bruit causé par les vi-
brations des moteurs). Les vibrations du fuselage sont transmises au panneau de finition qui à son 
tour rayonne du bruit à l'intérieur de la cabine. 
Deux chemins de transmission sont possibles entre le fuselage et le panneau de finition : (i) le 
chemin de transmission solidien à travers les attaches du panneau de finition et (ii) le chemin de 
transmission aérien à travers la cavité acoustique entre la peau extérieure et le panneau de finition. 
Les deux chemins de transmission contribuent au bruit intérieur et doivent être analysés attentive-
ment pendant la conception du traitement acoustique. 
On s'intéresse à la transmission acoustique à travers une structure raidie de construction métal-
lique ou composite. Trois types d'excitations sont étudiées et comparées: TBL, DAF et excitation 
mécanique. Notre étude est adressée suivant la double approche numérique et expérimentale. 
L'aspect expérimental du projet a permis de valider systématiquement nos modèles numériques. 
Le problème de modélisation de la turbulence n'est pas encore complètement résolu. En effet, la 
fluctuation de pression due à la couche limite turbulente sur le fuselage d'un avion a un caractère 
aléatoire. 
Le spectre de pression est alors la force effective agissante sur la structure. Bien qu'il y a pas 
mal de modèles empiriques pour la partie interspectre et autospectre basés sur des mesures sur 
avion, l'application de ces modèles sur des structures complexes de grande vitesse doit prendre en 
compte l'effet du nombre de Reynolds réel, du nombre de Mach, et la pression dynamique de la 
phase de croisière. Il sera crucial d'examiner ces modèles afin de les classifier suivant leurs do-
maines d'applications et de procéder à un choix judicieux des modèles convenables. L'autre volet 
4 Introduction 
est sans aucun doute le problème de couplage turbulence-structures; il s'agit du couplage entre les 
modes de la structure et la TBL. Ce phénomène est bien connu pour les structures simples planes 
finies et simplement appuyées. Il sera important de tenir compte de l'effet de complexité de la 
structure (structures raidies, structures composites, structures courbées...). 
La modélisation analytique de la vibro-acoustique des structures métalliques planes renforcées 
par des raidisseurs orthogonaux reste encore un problème d'actualité. En effet, bien que l'on puis-
se modéliser analytiquement et numériquement ce genre de structures, les résultats sont rarement 
satisfaisants. II devient intéressant de réexaminer les hypothèses sur lesquelles sont basés les mo-
dèles existants et procéder à une modélisation fine et fiable étant donné que la surface extérieure 
exposée aux excitations aérienne et solidienne est généralement constituée de ce genre de structu-
re. 
L'autre domaine d'intérêt concerne la modélisation des structures en matériaux composites ren-
forcées par des raidisseurs en composite. À ce jour, il n'existe pas de modèle analytique dans la lit-
térature pour de telles structures. La majorité des modèles existants sont limités aux structures mé-
talliques ou laminés avec des raidisseurs métalliques. Qui plus est, ces modèles négligent plusieurs 
effets importants, tels que les effets de couplage des déplacements transversaux et longitudinaux 
dus à la non-symétrie de la structure ou à l'excentricité des raidisseurs. En fait, seules les métho-
des de discrétisation (FEM, BEM...) sont capables de traiter la complexité de telles structures. 
Toutefois, elles sont lourdes à mettre en œuvre et coûteuses en termes de temps de calcul. Ceci les 
rend inappropriées pour réaliser des études paramétriques rapides, des conceptions préliminaires 
ou des optimisations numériques. Par conséquent, il serait important de mettre à la disposition des 
ingénieurs des modèles analytiques simples et fiables leur permettant de modéliser de telles struc-
tures sans avoir recours à des ressources de grandes capacités. 
Un autre objectif de ce travail est l'utilisation des modèles développés pour déterminer les pa-
ramètres clefs de la SEA. En effet, ces paramètres (densité modale, efficacité de rayonnement...) 
peuvent être déterminés sur des structures canoniques (dans notre cas une plaque raidie métallique 
ou composite) puis utilisés dans des modèles SEA de structures complexes (avion). 
L'originalité de ce projet réside en partie dans la prise en compte de la complexité de la structu-
re et du phénomène aléatoire régissant l'excitation. 
1.3 Objectifs 
L'objectif général de ce projet est de développer et de valider des méthodologies de prédiction 
de la réponse vibro-acoustique des structures raidies planes à des excitations aérodynamiques 
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(TBL), acoustiques (DAF) et solidiennes et ceci sur une large gamme de fréquences. Ces métho-
dologies doivent tenir compte de la complexité géométrique et mécanique des structures. Pour at-
teindre cet objectif, 6 objectifs spécifiques sont définis : 
1. Faire une revue de la littérature des modèles de la TBL et des structures raidies appliquées aux 
structures aéronautiques. 
2. Implémenter et comparer les principaux modèles de l'interspectre de la pression pariétale 
d'une TBL, utilisés en aéronautique. Une analyse du comportement vibro-acoustique des 
structures simples finies et infinies en présence d'une TBL doit être menée. 
3. Développer, implémenter et valider numériquement et expérimentalement un modèle pour 
prédire la réponse vibro-acoustique des panneaux métalliques raidis soumis à des excitations 
aériennes et solidiennes. Les effets de l'espacement irrégulier, d'excentricité et de couplage 
entre raidisseurs orthogonaux doivent être pris en compte. 
4. Étendre le modèle pour prédire la réponse vibro-acoustique des structures composites dont les 
complexités géométriques ressemblent à celles décrites à l'objectif 3. 
5. Mettre en place une méthode de calcul des paramètres clefs de la SEA pour les structures rai-
dies métalliques et composites. 
6. Étendre le modèle pour prendre en compte l'effet de couplage des déplacements plans et 
transversaux ainsi que l'effet de taille des panneaux. 
1.4 Structure du document 
Le présent document a été divisé en six chapitres, soit l'introduction (premier chapitre), quatre 
chapitres et une conclusion générale. Le deuxième chapitre correspond au travail préliminaire sur 
la réponse vibro-acoustique des structures planes finies et infinies à une TBL. Les trois autres cha-
pitres correspondent à des articles de journaux qui sont publiés ou soumis dans le cadre de cette 
thèse. Une conclusion générale prend place à la fin de ce document. Un quatrième article traitant 
principalement l'effet de taille sur la perte par transmission des structures raidies et sur lequel nous 
avons contribué sans être l'auteur principal, est présenté en Annexe A. 
Dans ce chapitre, le contexte du projet, la problématique et les objectifs principaux sont présen-
tés. Toutefois, la revue de la littérature sera présentée en introduction de chaque chapitre. Un sim-
ple résumé français est présenté au début de chaque chapitre contenant un article en anglais 
Le deuxième chapitre contient les développements reliés aux sous-objectifs 1 et 2. En premier 
lieu, une revue de la littérature sur les modèles existants de TBL est donnée. Ensuite, une étude 
théorique pour analyser la réponse vibro-acoustique des structures planes infinies à une TBL est 
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présentée. Une étude basée sur la SEA de la réponse vibro-acoustique d'un système plaque cou-
plée à une cavité soumis à une excitation par TBL est ensuite présentée et validée. 
Le troisième chapitre, relié au troisième sous-objectif, est présenté sous forme d'un article [37]. 
Tout d'abord, une description des différentes méthodes de modélisations des structures raidies est 
réalisée. Ensuite, un modèle général permettant de prédire la réponse vibro-acoustique des structu-
res renforcées par des raidisseurs excentriques, régulier, irréguliers et orthogonaux est développé. 
Dans la section Résultats de cet article, le modèle est validé numériquement à l'aide d'une métho-
de numérique (FEM-BEM). Ensuite le modèle est validé expérimentalement à l'aide de mesures 
effectuées sur des panneaux d'avions. 
Dans le quatrième chapitre, un article présentant une extension du premier modèle aux structu-
res composites (sous-objectifs 4 et 5) est présenté [38]. Après une revue de la littérature, des for-
mulations mathématiques simples permettant d'analyser le comportement vibro-acoustique des 
structures raidies composites sont présentées. On trouve en particulier, le calcul des principaux in-
dicateurs vibratoires et acoustiques ainsi que la détermination de deux paramètres clefs de la SEA 
(densité modale et efficacité de rayonnement). Une validation numérique ainsi qu'une analyse des 
mécanismes gouvernant le comportement vibro-acoustique de ces structures y sont aussi présen-
tées. 
Le cinquième chapitre contient l'article relié au sous-objectif 6 [39]. Dans un premier lieu, une 
revue de la littérature sur les modèles périodiques est présentée. Ensuite, un développement ma-
thématique permettant la prise en compte des effets de couplage des déplacements plans et trans-
versaux des structures périodiques en composites est présenté. L'effet de taille est aussi inclus 
dans cette étude. Il est noté ici que les détails concernant la méthode de prise en compte de l'effet 
de taille sont décrits dans un autre article [40] présenté dans l'annexe A. Dans la section Résultats 
de l'article présenté au chapitre cinq, le modèle développé est validé numériquement et expérimen-
talement à l'aide de calculs par éléments finis et des mesures expérimentales réalisées sur une 
structure aéronautique. 
Finalement, au dernier chapitre, une synthèse des approches développées dans la présente thèse 
est présentée. Les résultats importants de nos travaux ainsi que les conclusions qui en découlent 
sont résumés dans la première section. Ensuite, nos contributions originales à l'avancement des 
connaissances techniques et théoriques sont énumérées. Finalement, une description des perspecti-
ves de cette recherche est donnée. 
CHAPITRE 2 RÉPONSE VIBRO-ACOUSTIQUE DES 
STRUCTURES FINIES ET INFINIES À DES 
EXCITATIONS ALÉATOIRES 
2.1 Introduction: 
Dans ce chapitre, nous allons nous intéresser à l'analyse de la réponse vibro-acoustique des 
structures planes finies et infinies à une excitation par couche limite turbulente (TBL). Dans la 
première partie, on fera une description des modèles existants de la TBL toute en décrivant les 
avantages et les inconvénients de chaque modèle. On classera les modèles suivant leurs domaines 
d'intérêts. Une comparaison de plusieurs modèles de TBL est présentée. La partie théorique est 
divisée en deux parties. La première est consacrée à l'analyse de la réponse vibro-acoustique des 
structures infinies. Sans perte de généralité, le modèle de Corcos est sélectionné pour cette étude. 
La seconde partie s'intéresse à la réponse vibro-acoustique des structures finies. On se focalisera 
sur un système de plaque métallique couplé à une cavité. 
2.2 Les modèles existants de la couche limite turbulente 
Plusieurs informations sur les caractéristiques statistiques (interspectres, autospectres...) de la 
pression de turbulence d'un milieu liquide ou fluide appliqué sur un corps pour différentes valeurs 
de nombre de Reynolds ont été fournies par plusieurs chercheurs [6]-[22]. Ces informations ont 
permis de comprendre en partie les mécanismes de génération des vibrations par un écoulement 
turbulent sur une variété des structures de l'ingénierie et sa conséquence de rayonnement de bruit 
dans l'environnement. Le champ de la pression turbulente peut être regardé comme stationnaire et 
homogène dans la majorité des applications pratiques (hypothèse d'homogénéité). L'information 
la plus importante sur un écoulement turbulent est la fonction d'intercorrélation de la pression pa-
riétale R (£ r) en fonction de l'espace et du temps et sa transformée de Fourier Ypp(J;,to) appelée in-
terspectre spatio-fréquentiel: 
-H» 
Tpp(Ç,œ)= \R(Ç,T)e-^dr (2.1) 
—00 
<f = (&. ÔO représente le décalage spatial et ses composantes, & et 4 représentent respectivement 
les décalages dans les directions parallèles et perpendiculaires à l'écoulement, r est le décalage 
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temporel, k= (kx , ky) est le vecteur d'ondes correspondant à é, = (&, (y) et co est la pulsation angu-
laire. 
La transformée de Fourier spatiale de l'interspectre spatio-fréquentiel rpp(g,co), fournie 
l'interspectre de la pression pariétale dans l'espace des nombres d'ondes, communément appelé 




PP{k»K><») = lrpp(Çx,Çy,a>)exp(-jkx4x+jkyÇy)dÇJy (2.2) 
- O O 
A <f = 0, l'interspectre (2.1) est la valeur en un point caractéristique ®pp(co) = rpp(0,co) qui est 
l'autospectre de la pression pariétale (c'est une densité spectrale de puissance en Pa2/Hz). 
Le premier modèle de l'interspectre spatio-fréquentiel a été proposé par Corcos [6]. Ce modèle 
est basé sur une approximation de résultats expérimentaux. L'interspectre spatio-fréquentiel est 
défini tout simplement comme le produit de deux fonctions exponentielles (hypothèse de multipli-
cation) qui dépendent entièrement du nombre sans dimension coÇ/Uc (hypothèse de similarité) où 
Uc est la vitesse de convection : 
Tpp (£,£,,*,) = *„ W ^ ^ W M ) (2.3) 
ax et ay représentent les taux de décroissances de la cohérence spatiale dans les directions longitu-
dinale (celle de l'écoulement) et transversale, respectivement. Corcos propose pour une applica-
tion dans l'air : a,=0.1 et ay =0.77. Notons que la fonction \rpp(Çx, £y,co)/^>pp(co)\ est appelée fonc-
tion de cohérence spatiale. 





a? + - 1 
(2.4) 
Ici, kc= co/Uc représente le nombre d'onde de convection. Le spectre en nombre d'onde doit four-
nir l'autospectre par transformée de Fourier inverse pour (&, £y)=(0,0). En effet, considérons par 
exemple le modèle de Corcos [6] donnée par (2.4) : 
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= O (»)— lim,->oo (arctan(jc +1) + arctan(x -1) 
n< 
Cette condition est applicable à tous les modèles de la couche limite turbulente. 
(2.5) 
x10 Low wavenumber 
-50 -20 
Figure 2.1: Spectre en nombre d'onde de la pression pariétale normalisé par rapport à l'autospectre 
(ax=0.1 et Oy =0.77/=2KHz et Uc=248m/s) : (gauche : échelle linéaire; 
droite : échelle logarithmique). 
La Figure 2.1 montre la variation du spectre en nombre d'onde normalisée par rapport à 
l'autospectre ( Spp(kx, ky,a>) I Q>PP(co) ) dans l'espace des nombres d'ondes à une fréquence cons-
tante. 
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II est observé que le spectre en nombre d'onde de pression pariétale est faible dans les régions 
de faible nombre d'onde et atteint son maximum au voisinage de la région de convection autour de 
kx= kc. Le modèle de Corcos a prouvé son efficacité au voisinage de la région de convection. Ce-
pendant, il est démontré expérimentalement et analytiquement que les hypothèses de similarité et 
de multiplication sont invalides dans la région subconvective (kx<kc). En effet, Martin et Leehey 
[25] ont analysé le modèle de Corcos en se basant sur des mesures expérimentales. Ils ont constaté 
que ce modèle surestime de 20 à 30 dB les spectres mesurés à faible nombre d'onde. Blake [5] a 
aussi analysé ce modèle en détail avec des données expérimentales et il a confirmé son invalidité 
dans la région des faibles nombres d'ondes. 
Willmarth et Roos [28] ont ajusté certains paramètres du modèle de Corcos en se basant sur des 
mesures expérimentales. Leurs améliorations ont permis de réduire les erreurs de sur -estimation 
du spectre dans la région des faibles nombres d'ondes. 
Dans un autre volet, Kraichnan [22] et Philipe [26] ont utilisé les équations de Navier-Stocks 
pour analyser la fluctuation de pression exercée sur une plaque par un écoulement incompressible. 
Ils ont conclu que lorsque \k2\=(kx2+ ky2)—*0, le spectre en nombre d'onde Spp(£x , Çy, co) est propor-
tionnel au carré du nombre d'onde Qk2]) et converge donc vers zéro. Ce théorème a eu un grand 
impact dans la modélisation de la couche limite turbulente des écoulements incompressibles. En 
particulier, il s'est avéré que le modèle de Corocs ne respecte pas ce théorème. 
Hwang et Maidanik [19] ont apporté des modifications au modèle de Corcos pour vérifier le 
théorème de Kraichnan et Philippe. Ils ont alors proposé un modèle modifié qui tient compte de la 
dépendance en \k~\ dans la région des faibles nombres d'ondes. 
En se basant sur l'analogie acoustique de Ligthtill, Ffowcs Williams [14] a proposé un modèle 
empirique en fonction de plusieurs paramètres inconnus qui doivent être déterminés expérimenta-
lement. Dans le même cadre Hwang et Geib [31] ont proposé un modèle plus simple en négligeant 
l'effet de la compressibilité et en tenant compte de la proportionnalité en \k?\ à faibles nombres 
d'ondes. 
Le modèle de Chase [7] est probablement le premier modèle qui suit Kraichnan et Philippe [22] 
décrivant un écoulement incompressible et qui vérifie la dépendance de la densité spectrale en \/c\ 
à faibles nombres d'ondes ainsi que sa convergence en zéro. Cependant, Chase a constaté que son 
modèle souffre de deux anomalies : (i) il ne décrit pas correctement la région supersonique kx < 
co/co (co est la célérité du son dans le fluide) et (ii) il ne reproduit pas un spectre indépendant du 
nombre d'onde tel qu'observé dans les mesures expérimentales dans la région où l/ô<kx<co/co. 
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Ici, le paramètre Ô est défini comme étant la distance à la paroi où lavitesse du fluide est égale à 











=wall shear stress 
No-slip at a 
solid surface 
Figure 2. 2: Profil de vitesse d'une couche limite turbulente (reproduit de la référence [43]) 
Afin de corriger certains problèmes de son deuxième modèle, Chase a proposé un second mo-
dèle [8] satisfaisant les hypothèses de Kraichnan [22] et Philippe [26] et incluant un terme décri-
vant la région acoustique (kx~co/co). 
Quelques années plus tard, Chase [11] a discuté brièvement des caractéristiques principales du 
spectre en nombre d'onde dans différentes régions et en particulier celle du très faible nombre 
d'onde (Figure 2. 3). Il explique que suivant les hypothèses de Kraichnan [22] et Philippe [26], le 
spectre dans la région de faibles nombres d'ondes (l/ô<kx<w/c0) dépend du carré du nombre 
d'onde (|A |^), cependant, aucune donnée expérimentale valide n'existe pour cette région. Il men-
tionne aussi que lorsque le nombre d'onde est égal au nombre d'onde acoustiques (kx -co/co) le 
spectre présente un pic. Chase constate aussi que suivant les mesures de Martin et Leehey [25], le 
spectre demeure constant dans la région subconvective {\lô<kx<colUm. Une autre caractéristique de 
la TBL est que le spectre atteint sa plus grande valeur à une valeur du nombre d'onde kx= co/Uc. 
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<»/C ~ô- OJ'Um a>m K(-kx) 
Figure 2. 3 : Variation du spectre en nombre d'onde avec différentes formes possibles 
(reproduite de l'article de Chase [11]) 
À ce stade, le modèle de Chase [8] semble être le meilleur pour la prédiction du spectre en 
nombre dans la région acoustique. Il convient alors mieux pour des applications où le phénomène 
d'interaction fluide-structure devient important dans la zone autour du nombre d'onde kx=co/c. 
Alors que le modèle de Corcos [6] est plus efficace dans la prédiction de spectre dans la zone 
convective. Ce dernier convient mieux pour des applications où le phénomène d'interaction fluide-
structure devient important dans la région convective autour du nombre d'onde kx-co/Uc. 
Howe [20] a proposé un modèle empirique contenant des paramètres qui doivent être détermi-
nés expérimentalement, dont deux termes principaux représentent la contribution due à 
l'interaction turbulence/cisaillement et l'interaction mutuelle turbulence/turbulence. 
Sonic 
region 
Acouatic Subconvective Convective Viooou» 
region I region region region 
H——H h W h ^ - I - v—H 
A < *o 
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Figure 2. 4 : Variation du spectre en nombre d'onde de Howe (extrait de l'article de Howe [20]) 
Le premier, domine dans la région convective et le deuxième dans la région subconvective. La va-
riation du spectre de Howe est illustrée sur la Figure 2. 4: 
Le modèle original de Chase [7] a été repris par Finnveden et Coll [15] qui ont effectué des me-
sures expérimentales dans le but de mieux ajuster ces paramètres. Ils ont alors proposé un modèle 
modifié incluant plusieurs paramètres déterminés expérimentalement. 
De son côté, Goody [16] a modifié l'autospectre du modèle de Chase [7]. Il a proposé un modè-
le empirique basé sur des essais expérimentaux, qui tient compte de l'effet du nombre de Reynolds 
Re=poUJL/v où L et v sont respectivement, la longueur de référence de la couche limite turbulente 
et la viscosité dynamique du fluide. Son modèle coïncide bien avec les données expérimentales 
pour des nombres de Reynolds 1400< Re <23400. 
Le deuxième modèle de Chase [8] a été modifié par Capone et Lauchle [9] en se basant sur des 
mesures expérimentales afin de corriger certains paramètres. Ils ont aussi confirmé que le modèle 
de Corcos [6] ne reproduit pas les résultats expérimentaux à faibles nombres d'ondes. Capone et 
Lauchle [9] suggèrent qu'il est nécessaire de tenir compte de l'effet de la viscosité dans les déve-
loppements des modèles analytiques de la TBL. 
Hang et Coll [21] ont proposé un modèle combiné de Chase [8] et son modèle semi-empirique 
[12]. Ce dernier tient compte des effets de la viscosité dans l'écoulement. Les auteurs [21] ont 
montré que la contribution des contraintes de viscosité devient significative pour des faibles va-
leurs du nombre de Strouhal {S,-coôlUc). Cependant, ces contraintes n'ont pas trop d'influence 
pour des nombres de Strouhal élevés. 
La philosophie de Corcos [6] a aussi été reprise par Efimtsov [13] sauf que ce dernier ajoute 
l'effet de l'épaisseur de la couche limite turbulente ô et de la séparation spatiale. II remplace les 
coefficients de décroissance de la cohérence spatiale dans les directions longitudinale (a*) et trans-
versale (ay) par des coefficients en fonction du nombre de Strouhal et du nombre de Mach 
(Mao=Uao/co). Il a été démontré plus tard que ce modèle souffre aussi de la surestimation du spectre 
en nombre d'onde de la pression pariétale dans la région des faibles nombres d'ondes. À haute 
fréquence et pour des nombres de Mach entre 0.41-2.1, le modèle de Efimtsov correspond au mo-
dèle de Corcos avec des valeurs de cohérences a^O.l, ay-0.77 (valeurs correspondantes aux parois 
lisses) 
Bhat [2] a mesuré les fluctuations de pression pariétale sur la surface d'un avion. II a suggéré 
des valeurs des coefficients (ax, ay) plus petites que celles correspondantes aux parois lisses. Ceci 
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est dû particulièrement à la rugosité et l'angle d'attaque de l'écoulement (angle entre l'axe des 
capteurs de mesure et la direction de l'écoulement). Blake [1] a recommandé une valeur du coeffi-
cient de décroissance de la cohérence dans la direction de l'écoulement a^O.32 pour les surfaces 
rugueuses. 
Tout comme Efimtsov [13], Smol'yakov et Tkachenko [27] ont mesuré la corrélation spatiale 
de pression en fonction de la séparation spatiale et de l'épaisseur de la TBL. Toutefois, au lieu de 
faire une simple multiplication des effets longitudinaux et transversaux, ils combinent les deux. Ils 
donnent la cohérence spatiale sous la forme d'une seule fonction exponentielle en fonction de la 
racine carrée de la somme géométrique des effets longitudinaux et transversaux. Cette opération a 
permis une amélioration du modèle de Corcos dans la région des bas nombres d'ondes. Pour des 
grandes valeurs de nombres d'ondes, des corrections sont nécessaires. 
Cockburn et Robertson [10] partent d'analyses vibratoires de navettes spatiales dans diverses 
situations de vol (lancement, décollage, vol de croisière ...). Ils ont décliné les différents écoule-
ments attachés et séparés pour caractériser l'excitation par TBL. Leur modèle dont la forme est 
similaire à celui de Corcos est généralement appliqué aux véhicules transsoniques et supersoni-
ques. 
Un travail intéressant sur la comparaison des modèles du spectre de la pression pariétale a été 
fait par Graham [18]. Selon lui, le modèle de Efimtsov [13] est celui qui convient le mieux pour 
des applications aéronautiques. Il a aussi exclu deux modèles. Le premier est celui de Ffowcs Wil-
liams [14] puisqu'il ne fournit pas la valeur de l'autospectre par transformée de Fourier inverse en 
zero de la densité spectral qui est une relation nécessaire à tout modèle de la TBL, tel qu'expliqué 
précédemment. Le deuxième modèle à rejeter selon Graham est le modèle de Chase[8]. En effet, 
ce modèle ne fait aucune distinction entre la région subconvective et la région convective pour des 
nombres de Strouhal faibles contrairement aux autres modèles qui présentent un maximum dans la 
région convective kx=co/Uc . Bull [3] quant à lui, a noté que dans les modèles existants, aucune at-
tention n'a été accordée à l'effet de la rugosité, ni à la modification de la pression d'excitation par 
la vibration de la surface, ni à la génération du bruit acoustique. Borisyuk et Grinchenko [4], ont 
fait une analyse comparative des modèles de Corcos[6], le premier modèle de Chase[7], Ffowcs 
Williams[14] et celui de Smol'yakov Tkachenko[27]. La réponse vibratoire calculée pour chacun 
des modèles à été comparée avec les données expérimentales de Martin et Leehey [25]. Selon ces 
auteurs, les modèles de Chase et Smol'yakov et Tkachenko donnent les meilleurs résultats. 
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2.3 Comparaison de quelques modèles existants de la TBL: 
Quelques modèles de la TBL sont implémentés et comparés dans cette section. On suppose que 
la TBL a une vitesse d'écoulement libre (7ao=30m/s et Uc= O.lUoo .La Figure 2.5 illustre la variation 
des interspectres en nombres d'ondes normalisés par rapport à l'autospectre de pression de quel-
ques modèles classiques de la TBL en fonction du nombre sans dimension cokJUc. Les expressions 
des modèles des autospectres et des interspectres implémentés dans cette étude sont présentés en 
annexe B .11 est observé que le maximum de la densité spectrale est atteint pour kx=co/Uc pour tous 
ces modèles. Les modèles de Corcos [6], Efimtsov [13] et Cockburn [10] coïncident parfaitement. 
Cependant, ils surestiment la densité interspectrale de la pression pariétale (en dessous et au-
dessus du pic de convection) par rapport aux autres modèles. Le modèle de Smolyakov et Tka-
chenko[27] est constant pour les faibles nombres d'ondes alors qu'au-delà du pic de convection, il 
décroît rapidement; c'est le modèle le plus étroit au niveau du pic de convection. Le modèle de 
Chase modifié [15] croît lentement dans la région subconvective et coïncide avec les modèles 
















Model de Cokburn 
Model de Corcos 
Model de Efimtsov 
Model de Smolyakov 
Model de Chase 
Figure 2.5 : Modèles des interspectres de pression en nombres d'ondes normalisés 
16 RÉPONSE VIBRO-ACOUSTIQUES DES STRUCTURES FINIES ET INFINIES A 
DES EXCITATIONS ALÉATOIRES 
par rapport aux autospectres (co=1000 rad/s) 
La Figure 2. 6 montre une comparaison de quelques modèles des autospectres de la TBL. Il 
est observé que contrairement aux modèles d'interspectres de la pression pariétale, on observe 
des différences importantes au niveau de l'autospectre <$>pp pour les différents modèles implé-
mentés (Figure 2. 6). Toutefois, tous les modèles varient lentement en fonction de la fréquence. 
101 1 1 1 1 1 i i i i 
_ 7 Q I i i i i i i : i i I 
1000 2000 3000 4000 5000 6000 7000 8000 9000 10000 
Frequence (Hz) 
Figure 2. 6: Modèle des autospectres de la TBL (OÙ=1000 rad/s, Uc=2lm/s) 
2.4 Analyse du comportement vibro-acoustique des structures infinies 
à une excitation par TBL : 
Dans le bute d'analyser l'effet des conditions aux limites et de dimension finie sur la réponse 
vibro-acoustique d'une plaque soumise à une excitation par TBL, une étude portante sur la réponse 
vibro-acoustique d'une plaque infinie soumise à une TBL est présentée dans cette section. En sui-
te, une étude du comportement vibro-acoustique d'une plaque finie excitée par une TBL sera pré-
sentée dans la section suivant. Une analyse de l'effet des conditions aux limites ainsi que des simi-
larités et des différences des comportements vibro-acoustique des plaques finie et infinie sera alors 
présenté dans la même section. 
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(1) Mise en situation 
Considérons une plaque infinie (Figure 2.7) excitée par une charge aléatoire P,(x,y,t) (pression 
due à une TBL) sur la surface du côté des (z <0) et des pressions acoustiques rayonnées par la pla-
que. 
(2) Analyse de la réponse dynamique. 
L'équation du mouvement de la plaque en mouvement transversal peut s'écrire : 
d2W(x v t) 
DpV4W{x,y,t)-pphp ^ - ! - = Pl{x,y,t) + PZ{x,y,tyP:(x,y,t) (2.6) 
Avec Pac+ et Pac* sont les pressions exercées par le milieu fluide qui entoure la structure où 
Pac(x,y,t) du côté (z>0) et P&(x,y,t) du côté (z<0). Dp, pp et hp sont respectivement la rigidité de 
flexion, la densité et l'épaisseur de la plaque. 
La pression pariétale sous la couche limite est un signal aléatoire stationnaire qui ne peut être 
caractérisé que par ses valeurs statistiques. De même, la réponse à une excitation aléatoire est aussi 
aléatoire. Pour cela, on déterminera les valeurs statistiques de la réponse vibro-acoustique de la 
plaque. La solution de l'équation (2.6) peut s'écrire [35] 
W{x,y,t)= £ £ £p,(x\y\r)h(x,x\y,y\t,t')ax'dy'dr (2.7) 
où hix^'.y.y'J.f) représente la réponse de la plaque au point (x,y,t) à une impulsion au point 
(x\y',t). 
Posons T=t-t ', l'équation (2.7) peut s'écrire sous la forme suivante : 
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W(x,y,t)=£ la^Pt(x\y\t-T)h(x,x',y,y\T)dx'dy'dT (2.8) 
La fonction d'intercorrélation du déplacement est définie par : 
K.{^x2yyl,y2,tl,t2)=E[W(xl,ylttl)W(x2,y2,t2)] (2.9) 
Où E[ ] est l'espérance mathématique. 
Les équations (2.7), (2.8) et (2.9) donnent : 
"•WW V*l ' X2 ' ^ 1 ' y2 'M ' ' 2 ) = 
C C C C C C ^ ^ ^ ' . ' ^ . ' A - ^ K ^ ' - ^ ' a ^ - ^ ) ] (2-10) 
xh(xx,x\,yx,y\,tx)h(x2,x\,y2,y\,x2)dx\dy\dxxdx\dy\dx2 
La fonction d'intercorrélation de la pression de la TBL est définie par : 
RPiPi(xl,x2,y[,y2,tl,t2) = E[Pl(xx,yl,tl)Pl(x2,y2,t2)] (2.11) 
La pression pariétale due à une couche limite turbulente est stationnaire et homogène [6]. En 
conséquence, la fonction d'intercorrélation dépend uniquement des décalages spatial et temporel 
(<f,,£,,r)= (x-x',y-y 'J-t"). L'équation(2.11) s'écrit alors : 
E[p,(x,ytt)P,(x + ^ty + 4ytt + T)] = Q„(4x,4ytT) (2.12) 
L'équation(2.10) peut donc s'écrire sous la forme suivante : 
/ \ f*-°° r*-°° ^ ° ° f"00 f**-00 r+°° / \ 
^M^)=CLJTLCIT^(^,^^+'.-^)
 (213) 
xh(x,x',y,y\xx)h(x + Çx,x'+Çx',y + Çy,y'+Çy,x2)dx'dy'dÇx'dÇy'dxxdx2 
L'interspectre spatio-fréquentiel du champ de déplacement est la transformée de Fourier tempo-
relle de la fonction de corrélation R^: 
Smv(Çx,Çy,a>)= j^R^d^ry^dT (2.14) 
En faisant quelques manipulations mathématiques, on peut obtenir [32][35] : 
*h(x + Çx,x'+&,y + 4;y+Çf,œ)dx'dy'd4x'dÇy' 
La densité interspectrale de puissance de la vitesse de déplacement est définie par : 
SiyW(Çx,Çy,co) = colSww(Çx,Çy,co) (2.16) 
Pour passer au domaine des nombres d'ondes, on applique une transformée de Fourier spatiale 
à l'équation (2.16): 
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+00 +00 
Sww (*,.*,.«) = J" J ^ (Çx,4v,oyi{k>4M)dÇxdÇy (2.17) 
-00 -00 
En injectant (2.15) dans(2.17), on obtient: 
^(K^y^) = ^2Spp(kx,ky,co)\H(kx,ky,co)\2' (2.18) 
avec Spp(kx,ky,co) et H(kx,ky,co) respectivement le spectre en nombre d'onde de la pression pariétale 
et la fonction de transfert exprimés dans le domaine des nombres d'ondes. 
Pour retrouver la densité spectrale dans le domaine spatial, il suffit de faire une transformée de 
Fourier inverse: 
•a +00 +00 
S,* (&,£, ,*) = — r J jœXF(kxtkyta>)\H(kxtkrM eJ^4M)dkxdky (2.19) \2n) _*,_*, 
Or par définition, l'autospectre du champ de vitesse s'obtient pour (Ex,£, ) = (0,0) : 
. +00+00 
SwwH = TTT2 J j^2S„(kxtky,a>)\H(kxJkytt4 dk*dky (2-20> 
(2;r) _„_» 
L'équation (2.20) représente la valeur quadratique de la vitesse (théorème de Parseval). 
Les équations régissant le milieu fluide du système couplé correspondent alors à l'équation 
(2.20), (2.21) et (2.22) [32]: 
Milieu (1): 
'AP+(x,y,z) + k2P+(x,y,z) = 0 
dP;c(x,y,z) 
i




AP;c(x,y,z) + k20P;c(x,y,z) = 0 
dKc{X>y>Z) 2u/{ X 










=co/c0 est le nombre d'onde acoustiques et « CS » est la Condition de Sommerfeld 
champ lointain. 
Le déplacement et les pressions acoustiques dans les milieux fluides exprimés dans le domaine 
des nombres d'ondes peuvent être obtenus en appliquant une transformée de Fourier spatiale : 
+00 +00 
W(kx,ky,co)= J ]w(x,y,a>yj{M+k'x+Ky)dxdy (2.23) 
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' .(*..*»*) = \ \P^x,y,coyJ^^dxdy (2.24) 
En utilisant les équations (2.21) (2.22) et (2.24), on peut montrer que [32] : 
P*(kx,ky,z,co) = P*(kx,kv,co)exp(-(k2x +k2y -k20f z) (2.25) 
Les équations (2.21)-b et (2.22)-b donnent : 
Pâ(kx,ky,a)-




(«-te+*;)f W(kx,ky,œ) Si Jk
2
 + k2y<k0 
(2.26) 
En exprimant l'équation (2.6) dans le domaine des nombres d'ondes et en utilisant 
'équation(2.26), on obtient: 
H = W 
D
P(kl+kl)2-\PP hp+2p/((k2x+k2y)-k2f2)co2 Si Jk2x+k2y>K 
(2.27) 
Dp(k2x+k2)2-pphpco2+j2pco2/(k20-(k2x+k2y)f2j Si Jk2x+k2y<ka 
En injectant (2.27) dans (2.19), on obtient : 







JkJ+kï^ Dp(k] + k])2 -pphpco2 + j2pco2/(k2 -(k2x+ k]))'/2 
(2.28) 
L'équation(2.28) montre l'effet de la charge fluide, qui produit des termes équivalant à une 
masse et un amortissement qui s'ajoutent au terme de masse et d'amortissement de la structure. 
Ces termes ont beaucoup plus d'effets dans le cas des structures immergées dans un fluide lourd. 
Dans le cas d'un fluide léger, les termes d'amortissement et de masse ajoutés par le fluide sont 
respectivement négligeables devant les termes d'amortissement et de masse structurale. Dans ce 
cas l'équation (2.28), devient : 
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(2.29) 
avec Ap le nombre d'onde de flexion de la structure se défini par : 
kp=(phpco2/Dpf (2.30) 
Pour illustrer les phénomènes physiques mis enjeu, nous allons choisir le modèle de Corcos [6] 
pour la fonction de cohérence spatiale (et donc pour le spectre en nombre d'onde). En injectant 
l'expression de spectre en nombre d'onde (2.4), on obtient : 









2+ \ ^ - l DP{(k2+k2yf-K) 
ry (2.31) 
L'intégrale (2.31) ne peut être calculée analytiquement. Pour cette raison, on analysera le com-
portement dynamique de la plaque en examinant la contribution des termes Sppikxky,co) et 
\H(kxky,co)\2 dans (2.31). Généralement, l'autospectre de pression de la TBL &pp varie lentement 
en fonction de la fréquence. Dans tous les cas, ii ne représente, dans notre étude, qu'un facteur 
amplificateur qu'on peut prendre égal à lPa2/Hz, sans perte d'information. 
On suppose que la plaque est en aluminium d'une épaisseur de 1mm. En ce qui concerne la 
TBL, on suppose la vitesse d'écoulement libre £/oo-248m/s et Uc=0.7Uao. La Figure 2. 8 représente 
la variation de \H(kx,ky,co)\2 en fonction de kx et ky : 
Figure 2. 8 : Variation de \H(kXiky,co)\2 suivant kx et ky à une fréquence constante (/=lKHz). 
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Comme le montre la Figure 2. 8, le maximum de la fonction \H(kxkpco)\2 est atteint lorsque la 
condition (k2+k2)-kp2= 0 est satisfaite. Ceci implique que la contribution maximale de la compo-
sante \H(kxky,co)\2 de l'intégrale (2.31), est atteinte aux points d'un cercle de centre (0,0) et de 
rayon kp. 
La Figure 2. 9 montre que pour kx fixe, la deuxième composante Spp{kx,ky,co) de l'intégrale 
(2.31) passe par un maximum lorsque ky=0. Pour ky fixe, la valeur maximale du terme d'excitation 
est atteinte lorsque kx=kc. Ceci signifie que la plus importante contribution de Spp(kxky,co) dans 
l'intégrale (2.31) est atteinte lorsque les deux conditions précédentes sont satisfaites simultané-













Figure 2. 9 : Variation de Spp{kxky,co) suivant kx et £y(/=lKHz, a^=0.1 , ay=0.77 , 
(/c=173.6m/s). 
On peut constater que le produit des deux composantes de l'intégrale est maximal, lorsque les 
conditions (k2+ky2)-kp2= 0 et (kx, ky)=(kc ,0) sont satisfaites simultanément. On peut constater que 
kp varie en com (équation (2.30)), alors que kc varie en co. La Figure 2. 9 montre la variation des 
deux variables kp et kc : 




À cette fréquence les deux pics de Spp(kx ,kv,co) et \H{kx ,knai)\2 Coincident (voir Figure 2.11-b), 
ceci implique que l'intégrale (2.31) devient maximale. La plaque atteint donc sa plus forte réponse 
vibratoire à cette fréquence. Le mouvement de la plaque est alors contrôlé par des ondes structura-
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Figure 2. 10 : Courbes des dispersions kp et kc en fonction de la fréquence 
On peut aussi distinguer deux régions. La première, est la région est délimitée parlera (f<f>e-
ro) et la deuxième, est celle qui est au-dessus defaero if>faeT0)- Dans la première région fréquentiel-
le, le nombre d'onde kc est inférieur à kp. Ceci implique que le pic de \H(kx ,kv,co)\2 se trouve du cô-
té décroissant de Spp(kx ,kY,œ) (Figure 2. 10 -a,).Par conséquence, Le produit des deux termes de 
l'intégrale (2.31) évalué au nombre d'onde kx=kc est supérieur au même produit en kx=kp. La plus 
importante contribution des deux composantes de l'intégrale (2.31) se trouve alors au nombre 
d'onde (kx, k%)=(kc, [kp2- (kc)2]1'2)). Ce qui implique que le mouvement de la plaque est contrôlé par 
les ondes qui se propagent suivant x (direction de l'écoulement) et y (direction transversale à 
l'écoulement) avec une vitesse égale à la vitesse de convection Uc suivant*. 
Coïncidence aérodynamique 
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S (k ,ky,(o) 
|H(k,kyV2 
10' 10° 101 10 
(a) (b) (c) 
Figure 2. 11 : Variation en des composantes de l'intégrale (2.31) suivant kjkc pour A,,=constante 
(/H 00 Hz, «x=0.1 , «,=0.77 , (7c=173.6m/s). 
Dans la deuxième zone fréquentielle (f>faero), le nombre d'onde kc devient supérieur à kp. Dans 
ce cas le maximum de \H(kx ,ky,co) |2 se trouve du côté de Spp(kx ,ky,co) constante (voir Figure 2.13 -
c). On peut remarquer ici que dans la direction x, la réponse de la plaque à une TBL est équivalen-
te à sa réponse à une excitation de type « bruit blanc ». Dans ce cas, le mouvement de la plaque est 
contrôlé par les ondes libres structurales qui se propagent avec une vitesse U=co/kp. 
On peut montrer que la puissance moyenne injectée dans la plaque dans le cas d'excitation par 
TBL est donnée par : 
l (nr) = « e M ^ r { jSpp(kx,ky,a>)H(kx,ky,co)dkxdky 




(nr) = - ^ r J \Spp(kx,ky,co)\H(kx,ky,co)\ / / i i{//(^,^,4 ,)^^(2.34) 
(27C) 
We et Im représentent respectivement la partie réelle et la partie imaginaire d'un complexe. Il 
est clair d'après l'expression (2.34) que l'examen de la puissance injectée est semblable à celui de 
la vitesse quadratique. Dans ce cas, la fréquence à laquelle la puissance injectée devient maximale 
à la fréquence de coïncidence aérodynamique. 
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(3) Analyse de la réponse acoustique de la plaque 
L'expression de la pression rayonnée dans le domaine spatial peut être obtenue à partir de 
l'équation (2.25) : 
U w , « ) - 7 ^ E C M M v - > * * * ^ ^ , * . < f t , (2.35) 
\27t) 
La moyenne de la puissance rayonnée par rapport à la surface de la plaque peut s'écrire : 
( n , ) s =~^e{lPac(x,y,0,co}V'{x,y,co)ds} (2.36) 
Posons que la plaque est bafflée, ceci veut dire que sa vitesse de déplacement W(x,y,0) est nulle 
en dehors d'une surface S de dimension (2ax2b). En injectant (2.35) dans (2.36) on obtient : 
+a /•+* 
<n,>, 2(2x) S 
Ou bien : 
1 
* * £ " C C CP~ {^K^y{k'X+Ky)dk^kyW' (x,y,co)dxdy (2.37) 
<rU ™eC CP« M , ' " ) E £ W'(x,y,coy^k^dxdydkxdky (2.38) 8(/r) S 
L'hypothèse du baffle permet le changement des bornes finies de l'intégrale intérieure par des 
bornes infinies, L'équation (2.38) se simplifie alors comme suit: 
1 
<n,>, 




Jl jpco\w(kx,ky,co)\2 /((k2x+k2y)-k20f2 dkxdky 











^°7X S> v ' 
Faisant tendre 5 vers l'infini dans l'équation (2.40), on peut écrire : 
(2.41) 
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<nr)=i9te. j l jpcoS^(kx,ky,co)/((k2x+k2v)-k2)l2dkxdk 
^kx +ky >*Q 
+ J [ "PS** (kx,ky,co)/(k2 -(kl+k2y)f2 dkxdky 
2^.2 y£x +ky <£Q 
(2.42) 









-Spp(kx,ky,co)\H(kx,ky,co)\2 dkxdky (2.43) 
Le premier terme de (2.43) est imaginaire pur, on obtient alors: 
( n r ) = i j j Zr(kx,ky,co)Spp(kx,ky,co)\H(kx,ky,co)\2 dkxdky (2.44) 
o r—s =r 
kX2+ky2<kQ 
avec Zr (kx,ky,co)= pco /(ko -(kx +ky •)") est la résistance de rayonnement, 
o 
-20 -15 -10 -5 10 15 20 
Figure 2.12 : Variation des composantes de l'intégrale (2.31) suivant kx /kc pour kc =constante 
(/=100 Hz, «,=0.1 , ay=0.77 , f/c=173.6m/s). 
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Encore une fois, cette intégrale est inaccessible analytiquement. Une intégration numérique est 
alors nécessaire. Les courbes de variations des trois composantes de l'intégrale (2.44) sont repré-
sentées sur la Figure 2.12. 
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Figure 2.13 : Courbes des dispersions kp ,kc et ko en fonction de la fréquence 
D'après la discussion précédente, le terme d'excitation Spp et le terme qui correspond à la fonc-
tion de transfert H atteignent leurs maximums en (kx, ky)=(kc,0) et (k2+k2)-kp2= 0 respectivement. 
Le terme Zratteint son maximum en ko Or, l'intégrale (2.44) est bornée (k2+ky2)m< ko, ceci signi-
fie que la plus importante contribution de ces termes dans l'intégrale aura lieu lorsque les condi-
tions kc<ko et kpSko sont satisfaites simultanément. La première condition implique que U<>co. 
Pour un régime subsonique Uc<c0 (où le modèle de Corcos est valide), ce cas n'est pas possible. La 
plaque aura alors le plus fort rayonnement lorsque la condition kp<ko est satisfaite. On peut alors 
définir la fréquence critique à partir du quelle commence un fort rayonnement acoustique: 
L (2.45) 
On peut aussi constater que dans ce cas, la réponse de la plaque à une TBL est équivalente à sa ré-
ponse à une excitation de type « bruit blanc ». 
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2.5 Comportement vibro-acoustique des structures finies : sous excita-
tion TBL - Cas d'un système plaque-cavité: 
Dans cette section, l'analyse du comportement vibro-acoustique d'une structure plane finie 
couplée à une cavité et excitée par une TBL est présentée. En premier lieu, une étude théorique ba-
sé sur l'approche modale et la méthode SEA est menée pour déterminer la réponse vibro-
acoustique d'un système de plaque couplé à une cavité. Les résultats sont par la suite validés par 
comparaison aux résultats du logiciel de vibro-acoustique VAone[34]. Les effets des conditions 
aux limites, les similarités et les différences des comportements des plaques finie et infinie ainsi 
que l'effet du choix du modèle de la TBL sont analysés dans cette section. 
(1) Mise en situation 
On considère une plaque mince finie se déformant en flexion pure (Figure 2.14); cette plaque 
sépare un milieu fluide (air) semi-infini 1 (z < 0) et un milieu fluide 2 (z > 0) contenu dans une ca-
vité. La plaque est excitée du côté du milieu 1 par une TBL. 
Figure 2.14 : Système de plaque couplé à une cavité parallélépipédique 
(2) Réponse vibro-acoustique d'un système plaque-cavité 
Dans cette section, on se propose de déterminer la réponse vibro-acoustique du système à l'aide 
de la méthode SEA. Ce faisant, on peut décomposer le système de plaque - cavité présenté dans la 
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Figure 2.15 en deux sous-systèmes : (i) plaque (ii) cavité. Ce système peut être schématisé comme 
suit : 
aft}i< Ei > on**-- Ei 
Figure 2.15 : Modélisation du système plaque couplé à une cavité 
Le bilan de puissance du système peut s'écrire : 
(nx)^ojrjx{Ei) + ojrjX2(El)-(un2X(E2) (2.46) 
0 = cur]2{E2} + ojr}2X(E2)-cwjn(Ex} (2.47) 
Où E, {/=1,2} est l'énergie interne du sous-système /', II, est la puissance injectée dans le sous-
système /. rj, est le facteur de perte interne (DLF) du sous-système /. n,, est le facteur de perte par 
couplage (CLF) entre les sous-systèmes {ij=\,2} et n, est la densité modale du sous-système /. 
Compte tenue de la condition de la SEA n^]2=n2^2\. Les équations (2.46) et (2.47) peuvent 
s'écrire : 
(n^û^^J+û^A?, 





où III est la puissance injectée au système plaque-cavité par la TBL. 
Afin de déterminer les réponses vibro-acoustiques du système, la puissance injectée ainsi que 
tous les autres paramètres de la SEA (densité modale, DLF et CLF) doivent être déterminés. 
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(a) Détermination de la puissance injectée : 
On se propose dans cette section de déterminer la puissance injectée à l'aide d'une analyse mo-
dale. En effet, l'équation générale de mouvement de la plaque en présence de fluide lourd ou léger 
dans la cavité est donnée par : 
Dà*W{x,y,t) + CW{x,y,t) + MW{x,y,t) = Plbl(x,y,t)-Pcav{x,y,t) (2.50) 
Avec D, CPtbi et Pc sont la rigidité de flexion, l'amortissement visqueux, la pression pariétale de la 
TBL et la pression dans la cavité. 
Les équations du milieu fluide et l'équation de continuité des vitesses à l'interface plaque-
cavité est donnée par [32]: 







Avec n la normale extérieure à la cavité 
En appliquant la transformée de Fourier, les équations (2.50) - (2.52) deviennent : 
DAAW(x,yiœ) + CûW(x,y,œ) + Ma^W(x,y,a)) = PM(x,y,û))-Pw(x,y,i^ (2.53) 
APw(x;j>;û>)+£2/>cav(x;.y;tt>) = 0 (2.54) 
dPQdV(x,y,co) 
dn 
La solution de (2.53) peut s'écrire : 
= pco1W(x,y,co) (2.55) 
lV(x,y,co) = ^amn(co)ç>mn(x,y) (2.56) 
On se limitera dans cette étude au cas d'une plaque simplement appuyée. Dans ce cas, la fonc-
tion de forme modale est donnée par : 
f rrv\ f 
<Pn,n = S»n 
KX 
sm l b 
Ky
 ' (2.57) 
\ a ) 
Ces fonctions vérifient l'équation du mouvement libre de la plaque : 
DV4ç>m {x,y) = Mûi,^ (x,y) (2.58) 
Où com„ représente la pulsation de résonance ou pulsation modale. En injectant (2.57)-(2.58) 
dans l'équation (2.53), on peut écrire : 
31 
^^nHl^^L-Mco2 +jCoi]pmn(x,y) = PM(x,y,co)-PC!iy(x,y,co)(2.59) 
Multipliant par <Ppq(x,y) puis intégrant sur la surface S de la plaque, on obtient: 
a
» ( " ) [*„ - MPy + Jcn<,"] = r** - P~.„ (2-6°) 
Les coefficients kn, Mpq, Cpq, Ptbiw Pçmpq sont la rigidité modale, la masse modale, 
l'amortissement modal et les forces généralisées, respectivement. Ils sont donnés par : 
Kpq=o)2pqMpq 
pM.n (0))=i PM (*. y* *>) <P„ (x, y)ds 
P
™,m H = i c^av (X, y, C») (pm (X, yyS 
L'équation (2.60) est équivalente à une équation de mouvement d'un résonateur linéaire. Ceci 
nous mène au concept de groupe de résonateur indépendant décrivant un système donné. Les mo-
des propres de la plaque étant connus, il reste à déterminer les forces généralisées. 
Pour calculer la pression généralisée P^,pq, on suppose que la plaque est bafflée; la pression 
rayonnée peut donc s'écrire [32] : 
P«,{x,y,<o)= j[G(x,y,x',y')dP^^y''^dx'dy' (2.61) 
Avec G est la fonction de Green dans le milieu de la cavité et qui vérifie les conditions de Neu-
mann (c.-à-d. dG/ôn = 0 avec n est la normale extérieure à la cavité) sur la surface S de la plaque 
et les parois de la cavité. 
La force généralisée est obtenue en projetant Pcmpq, sur la base des modes propres de la pla-
que : 
dP ( X ' V ' fi) ) 
a^v.„»= lULG^y^y')
 dn
 ,<Ppq(x,y)dx'dy'dxdy (2.62) 
En tenant compte de la condition de continuité de vitesse vibratoire et acoustique (2.55), la for-
ce s'écrit : 
m=\ n=\ 
Définissons l'impédance de rayonnement intermodal par : 
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Z^^jcopg \lG(x,y,x\yym(x\y')çpq{x,y)dc<dy'dxdy (2.64) 
Ce qui conduit à: 
*« H K - MPy+ ->'c^]=p«-~ - > S É «~ ( « ^ (2-65> ffi=l rc=l 
Le terme Zmnpq est une quantité complexe 
- R-mnpq + )Xn (2.66) mnpq mnpq J mnpq 
Le premier terme de (2.66) présente la résistance de rayonnement et le deuxième présente la re-
actance de rayonnement. Dans le cas des fluides légers (air par exemple), les impédances intermo-
dales Zmnpq sont négligeables devant les impédances modales Zmnm„. L'équation (2.65) peut donc 
s'écrire : 
am (*>)[>„ - MPy+J0^+>z«w ]=p**.„ (2-6?) 
Pour alléger les notations, on remplacera l'indicepqpq par simplement/?^. 





•MC„+R„) = P, M,pq (2.68) 
En ramenant Cw à l'amortissement critique Cp^ijpqCOpqMp,, et en supposant que l'amortissement 
structural est constant ^ = 1 / / , l'équation (2.68) peut s'écrire : 
fl





tfi + = P„.„ (2-69) 
Dans le cas des fluides légers, la masse ajoutée par le fluide est souvent négligeable devant la 
masse de la plaque (Mpq»Xpqlco). L'équation (2.69) se réduit donc à: 




 K A 
*7, + - " • 
V <V«, 
= P, Ibl pq (2.70) 
L'amortissement par rayonnement Rpq peut aussi être négligé par rapport à l'amortissement 
structural nx. L'équation (2.70) peut alors être simplifiée davantage : 
a
Pq ( « 0 M „ Wn ~0>2+ JaP,arl\ ] = P<* m (2-71 > 
En utilisant (2.71) et en utilisant l'expression de Pu , l'amplitude modale de vitesse s'écrit : 
llPm(x\y',co)<pJx\y')ax<dy' 
a




Ce qui conduit à l'expression de la vitesse de la plaque: 
W (x, y, co) = jœY, Z a™<Pmn (x, y) 
m=l n=\ (2 73) 
+ +llp»(x',y,,°>)P~(x',y')dx'dy' 
= JÛ>LL— TT^ 9mn{x,y) 
avec Zm„=[com„2-<o2+jcom„ co nx] . 
La puissance injectée est fonction de la vitesse de la plaque et de la pression de la TBL : 
Wx" =^e{gPM(x,y,co)w (x,y)dxdy} (2.74) 
Or, tel que mentionné précédemment, la pression de la TBL est un signal aléatoire stationnaire 
qui ne peut être caractérisé que par ses paramètres statistiques. Pour cela, on ne peut que détermi-
ner la densité spectrale de la puissance injectée. Ici, on se limite à son calcul dans le cadre 
d'utilisation dans un modèle SEA. Le développement des calculs de la puissance injectée moyen-




Ici, n et J2n représentent la densité modale, et la «joint acceptance » moyennée sur la bande fré-
quentielle. La notation comn € Aco dans (2.89) indique que la sommation est limitée aux modes ré-
sonants dans la bande de fréquences Aco = 2nAf. 
En général, le calcul de Jm„2, défini dans l'équation (D.17) de l'annexe D, est difficile à obtenir 
analytiquement. C'est pour cette raison que l'analyse de ce paramètre a fait l'objet de plusieurs 
études. Mentionnant par exemple Hwang et Maidanik [19] et Mercer [17] qui ont analysé le phé-
nomène d'interaction des fonctions de formes modales dans l'espace des nombres d'ondes 
\Smn(kx,ky,co)\2 et l'interspectre en nombre d'onde SpP(kx,ky,co). Les expressions analytiques de Smn 
ainsi que de certains modèles de l'interspectre Spp sont développées dans l'annexe D. Cette annexe 
présente aussi les méthodes numérique et analytique permettant le calcul de la «joint acceptan-
ce ».Une comparaison des deux méthodes est aussi présentée dans la même annexe. 
(b) Détermination de la densité modale : 
Il existe plusieurs méthodes expérimentales et analytiques permettant la détermination de la 
densité modale, dépendamment de la complexité de la structure. Dans le cas de plaque et de cavité, 
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des expressions analytiques exactes se trouvent dans la littérature. Pour une plaque finie, la densité 
modale est donnée par [29]: 
« 1 H = r—— (2.76) 
2nc<PCz 
avec S, cv et cg sont la surface de la structure, la vitesse de phase et la vitesse de groupe des on-
des structurales, respectivement. Dans le cas de plaque se déformant en flexion pure, la vitesse de 
groupe est définie par : 
-ll/2 
(2.77) i h cg=c9=2co 
P^-v2) 
avec h, E, ps et v sont l'épaisseur, le module d'Young, la densité et le coefficient de Poisson du 
matériau de la plaque. 
En négligeant les termes de surface et du périmètre, la densité modale peut s'écrire dans le cas 
d'un volume fini ou bien d'une cavité [29] : 
Avec c,/, = cg=co où co est la vitesse acoustique. 
(c) Détermination du facteur d'amortissement (DLF) : 
Le facteur de perte par amortissement est un paramètre clef dans tous les types d'analyse dy-
namique, incluant la SEA [29]. Les méthodes les plus utilisées pour la détermination du DLF 
sont les méthodes de décroissance temporelle, largeur de bande modale et bilan de puissance. La 
première méthode est basée sur le fait qu'un système, après avoir coupé son excitation, voit son 
énergie décroître dans le temps à un taux proportionnel à e""". En définissant le temps de réverbé-
ration comme le temps que met l'énergie à décroître de 60 dB, on peut montrer que : 
2 2 
n = Jz— (2.79) fT 
J i60 
La méthode largeur de bande modale permet d'obtenir l'amortissement pour un mode donné. 
Elle consiste à mesurer la largeur l'admittance (c.-à-d. déplacement/force) A/à 3dB du pic de la 




i 4 4_ 
Figure 2.16: Admittance modale 
Ce faisant, on montre que l'amortissement est donné par : 
TJ = f. 
(2.80) 
Pour un système présentant plusieurs modes résonants, le coefficient d'amortissement s'obtient 
en moyennant sur tous les modes résonants de la bande de fréquentielle : 
1 \ - àf 
N ^ (2.81) fcàf f„ 
N est le nombre de modes résonants dans la bande de fréquences. 
La troisième approche est basée sur le bilan de puissance. En effet, en se basant sur la SEA elle 




Sachant que pour une plaque par exemple, l'énergie est donnée par : 
avec \W2\ est la vitesse quadratique de la plaque et Af est la masse de la plaque. 







où <P2> est la pression quadratique. Vetpo sont le volume et la densité du fluide dans la cavité, 
(d) Détermination du facteur de perte par couplage (DLF) : 
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Le facteur de perte par couplage est un paramètre central de la SEA. Ici, ce facteur représente le 
couplage par rayonnement entre la structure et le fluide (extérieur ou cavité). 
Une expression analytique existe dans le cas de couplage entre une structure et un volume fini 
[32]: 
^ = 7 ^ = ^ 4 ^ ( » ) (2-85) 
Avec arcujl'efficacité de rayonnement qui dans le cas de rayonnement d'une plaque peut être calcu-
lé en moyennant les rayonnements modaux am„ sur les N modes résonnants dans la bande de fré-
quences considérée : 
^ M = ^ 2 X M (2-86) 
L'efficacité de rayonnement modale amn peut être calculée à partir de la relation suivante [30]: 
*„(«>) = %£j2S («>) (2-87) 
K 
Jmn2rev est la «joint acceptance » duc à une excitation par champs diffus: 
^ ( ® ) = ^ | J ^ , (* ,y ,x^ / , » )^ (x^ )^ (x^ / )A^^•^ • (2.88) 
^ s s 
Avec (pmn et rpp sont la fonction de forme modale et la fonction d'intercorrélation en cas de 
champs diffus. 
Le calcul numérique de la «joint acceptance » en cas d'une excitation de type champs diffus 
est présenté dans l'Annexe D. Il existe d'autres méthodes de calcul de Jm„2re" , tel que celles de 
Leppington [33] et Pop et coll [30]. Une comparaison de la méthode numérique présentée avec les 
méthodes de Leppington [33], Pop et coll [30] et le logiciel de vibro-acoustique VAone [34], est 
illustrée sur la Figure 2.17 pour une plaque d'acier d'épaisseur de 1mm. Une excellente coïnciden-
ce est observée entre la méthode numérique, la méthode Pop et co// [30] et Vaone [34] .Toutefois, 








Figure 2.17 : Efficacité de rayonnement calculée par plusieurs méthodes 
La Figure 2.18 présente une comparaison pour le calcul du facteur de perte par couplage entre no-
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Figure 2.18: Facteur de perte par couplage : comparaison avec VAone 
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Une fois tous les paramètres de la SEA obtenus, les réponses vibro-acoustiques du système pla-
que cavité excité par une TBL peuvent être déterminés à partir des énergies du système qui peu-
vent être obtenues par résolution du système d'équations (2.48)-(2.49) : 
(E\ =±\ ' /A» W I 2 h) (2.89) 
La vitesse quadratique peut être obtenue à partir de l'équation (2.83): 
(E) (W2) =N ]/&0> (2.91) 
La puissance rayonnée peut être obtenue à partir de la relation suivante : 
(nn)&a) = ^ u{Ex)Am-OJn2]{E2)A(a (2.92) 
En utilisant (2.90) (2.91) et (2.92), on peut écrire: 
(n,2)A =co T]]2"1 M(W2) (2.93) 
(3) Résultats et discussions: 
Dans cette section, on se propose tous d'abord d'analyser l'effet du choix du modèle de la TBL 
sur les résultats de la réponse vibro-acoustique. Dans un second lieu, une validation de la théorie 
présentée dans la section 2.5 ainsi qu'une analyse de la réponse vibro-acoustique du système pla-
que-cavité sont présentées. 
Dans tout ce qui suit, on considère une plaque de longueur o=0.47m, de largeur fr=0.37m et 
d'épaisseur /»=0.0034m. La hauteur de la cavité est //=lm. La plaque a un module d'Young E= 
210 GPa, une densité ^=7800 et un coefficient de Poisson v=0.33. On suppose que la plaque est 
bafflée et que le fluide dans la cavité est léger. Les amortissements internes de la plaque et de la 
cavité n\ et 772 sont égaux à 1%. 
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(a) (b) (c) 
Figure 2. 19 : Variation de l'interspectre et de la fonction de forme modale en fonction de kx pour 
^,=constante (m=5, co=1000 rad/s, /Jc=178.5m/s)) 
Selon l'équation(D.28), Sm présente un maximum au nombre d'onde kx- mn/a entourer par des 
pics plus faibles de part et d'autre de kx= mn/a .Le maximum de l'interspectre de pression de tur-
bulence est au nombre d'onde kx=co/Uc (selon la direction de l'écoulement). Les régions aux voisi-
nages de ces nombres d'ondes, présentent les plus grandes contributions dans l'intégrale de h joint 
acceptence (D.17). Trois cas sont possibles : (i) co/Uc < mn/a : dans ce cas, le pic maximal de Sm se 
trouve du coté décroissante de l'interspectre de pression de turbulence Spp (voir Figure 2.21-a) (ii) 
co/Uc > mn/a : dans ce ca le pic maximal de la fonction de forme modale se trouve dans la partie 
constante de l'interspectre de pression (voir Figure 2.21 -c). (iii) co/Uc - mn/a : dans ce cas, les 
deux pics de Sm„ et Spp coïncident et c'est à cette condition où il aura la plus forte contribution du 
produit des deux fonctions dans l'intégrale de la «joint acceptance » (voir Figure 2.21 -b). 
Les méthodes numérique et analytique permettant le calcul de la «joint acceptance » sont pré-
sentées en Annexe D. une comparaison des réponses acoustique de la plaque basées sur les deux 
méthodes numérique et analytique est aussi présentée dans la même annexe. La Figure 2. 20 mon-
tre une comparaison entre les fonctions «joint acceptance » et les puissances rayonnées calculées 
numériquement pour quelques modèles de la TBL. On observe ici que les Jmn correspondant aux 
modèles de Corcos, Cockburn et Efimtsove coïncident, ceci est dû aux coïncidences de leurs in-
terspectres, tel que mentionné précédemment (voir Figure 2.5). Toutefois, aucune coïncidence 
n'est observée entre les puissances rayonnées calculées. Ceci est dû essentiellement à la différence 
entre les autospectres des différentes modèles (voir Figure 2. 6). 
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Figure 2. 20 : Illustration des «joint acceptances » et des puissances rayonnées pour quelques mo-
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Figure 2.21 : Comparaison de la puissance injectée calculée avec VAone [34] 
La Figure 2.21 présente une comparaison entre le calcul basé sur la méthode modale et la pré-
diction SEA à l'aide du logiciel VAone[34]. Ce dernier utilise le modèle de Cockburn[10]. Une 
excellente coïncidence est observée. Ceci valide nos calculs et vérifie nos approximations dans ce 
cas particulier. 
La Figure 2. 22 montre une comparaison entre la vitesse quadratique et la puissance injectée 










































Figure 2. 22 Comparaison entre la vitesse quadratique et la puissance rayonnée calculées avec 
VAone [34] 
En analysant la réponse dynamique de la plaque à partir de l'expression de la puissance injectée 
donnée par l'équation (C.6) de l'annexe C, la sommation sur les modes (m,n) est équivalente à 
l'intégration présentée dans le cas de plaque infinie. Sauf que le cas de plaque finie présente quel-
ques différences. En effet, le terme de la «joint acceptance » dans (C.6) est maximal lorsque les 
deux pics de la fonction de forme et le pic de l'interspectre de de l'excitation coïncident. Ceci veut 
dire: 
k = 'mn^ û) 
U~ 
(2.94) 
V a J 
Or, l'admittance (1/Z„,„) dans (C.6) est maximale lorsque com„=co (dans le cas des plaques sim-
plement appuyés com„ =(D/M)in ((kx)2+ (ky)2) où kx= mn/a , Ar,= nn/a). En tenant compte de cette 
condition et de (2.94), on a : 
<om = —V, (2.95) 
Il est clair alors que la plus forte réponse vibratoire est contrôlée par des modes spécifiques 
ayants des nombres d'ondes (kx_ky)=(a)/Uc, (mn/a)2 ((M/D)Uc2-\ )). Ceci veut dire que la plus forte 
réponse vibratoire de la plaque est contrôlée par les modes qui ont une longueur d'onde 
Xx=2nUc/co. Toutefois, ces modes ont des nombre d'onde £, (dans la direction transversale à 
l'écoulement de la TBL) non nulles (w>0). Rappelant que dans le cas de plaque infinie, la plus for-
te réponse vibratoire aura lieu pour (kx,ky)=(co/Uc, 0). Il est donc clair, que les conditions aux limi-
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tes ont une importante influence sur la réponse vibratoire de la plaque lors d'une excitation par 
TBL. 
En ce qui concerne la réponse acoustique, il est clair d'après l'équation (2.93) que la puissance 
rayonnée est proportionnelle à o^et <W~>&(li. Ces deux quantités atteignent leurs maximum pour 
kc=((co/Uc)2 +((mn/a)2 ((M/D)U2-\))2)m et kmn=((mn/a)2+(nn/b)2)m. Or d'après l'équation (D.36) 
et (D.38) de l'annexe D k<ko, ceci veut dire kc <koet kmn^ko. . L'analyse de ces deux conditions 
conduit à des interprétations sensiblement identiques à ceux issus de la plaque infinie. Un rayon-
nement fort débutera alors à partir de la fréquence facau = —Jco4php/Dp • 
2/7/ v 
2.6 Conclusion : 
Dans ce chapitre, l'objectif principal été de mettre à jours les modèles existants de la couche 
limites turbulente à fin de les classifies selon leurs domaines d'applications. Nous avons aussi rap-
pelé les caractéristiques contrôlant la réponse vibro-acoustique des plaques finie et infinie excitées 
par une couche limite turbulente pour mieux comprendre l'effet des conditions aux limites ainsi 
que les similarités et les différences entres les deux configurations finie et infinie. 
D'abord, les principaux modèles classiques de l'autospectre et de l'interspectre de la pression 
pariétale d'une TBL ont été présentés et comparés. L'exploration des interspectres normalisés à 
montré que le modèle de Corcos [6] est distingué par rapport aux autres modèles par sa simplicité. 
Ce modèle à aussi montré sont efficacité dans la prédiction de la TBL dans la zone convective et il 
coïncide parfaitement avec les modèles de Efimtsov [13] et Cockburn [10] dont les formulations 
sont plus complexes. La simplicité du modèle de Corcos le rend le meilleur à exploiter pour 
des calculs vibro-acoustique et en particulier pour des applications où le phénomène d'interaction 
fluide-structure devient important dans la région des valeurs des nombres d'ondes de convection. 
Il est aussi constaté que le modèle de Chase [8] semble être le meilleur pour la prédiction du spec-
tre en nombre d'onde dans la région acoustique. Il convient alors mieux pour des applications où 
le phénomène d'interaction fluide-structure devient important dans la région des faibles nombre 
d'onde .En ce qui concerne les autospectres, il est observé que tous les modèles étudiés dans ce 
chapitre varient lentement en fonction de la fréquence.Toutefois, aucune coïncidence n'est obser-
vée entre les différentes modèles. 
Ensuite, la réponse d'une plaque infinie a été présentée pour illustrer les mécanismes contrô-
lant la réponse vibratoire et acoustique. On a vu que pour ces structures, la plus forte réponse vi-
bratoire a lieu à la fréquence de coïncidence aérodynamique faero=(Uc* php/Dp)u2/2n. Dans ce cas, 
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le mouvement de la plaque est contrôlé par les ondes qui se propagent dans la direction de 
l'écoulement à une vitesse égale à Uc. Un fort rayonnement débutera à partir de la fréquence criti-
que/OCOtt=(c04 php/Dp)112. 
Dans un autre volet, le cas d'une plaque finie couplée à une cavité a été étudié pour illustrer 
l'effet modal. On a montré en particulier que le comportement modal (contrôlé par les conditions 
aux limites) fait que la plus forte réponse vibratoire de la plaque est contrôlée par des modes spéci-
fiques ayant des nombres d'ondes suivant y ky non nulles contrairement au cas infini où ce sont 
des ondes ayans des nombres d'ondes ky=0 qui contrôlent la forte réponse vibratoire. Toutefois, un 
fort rayonnement est sensiblement identique au cas de plaque infinie et débutera à partir de la fré-
quence^^. 
Le travail présenté dans ce chapitre servira pour d'autres travaux présentés dans les chapitres 
suivants et dans l'annexe E pour illustrer l'effet de l'excitation (TBL vs. DAF) pour les panneaux 
raidis. 

CHAPITRE 3 MODÉLISATION DES STRUCTURES 
MÉTALLIQUES ORTHOGONALEMENT RAIDIES 
3.1 Introduction 
La réponse des structures raidies non périodiques munies des raidisseurs excentriques de for-
mes complexes est assez difficile à déterminer par des méthodes analytiques. Généralement, la 
méthode des éléments finis est la plus employée pour résoudre ce genre de problème. Toutefois, 
cette méthode reste restreinte à des gammes fréquentielles relativement faibles à cause du temps de 
calcul élevé. 
La méthode modale est communément utilisée pour le calcul de la réponse des structures sim-
ples telles que les plaques et les poutres. À cause du principe d'orthogonalité des modes, qui per-
met de diagonaliser les matrices, la méthode modale permet de réduire de façon considérable la 
taille des équations. Ceci résulte donc dans des gains de temps de calcul tout en assurant une pré-
cision des résultats. 
Dans cette section, l'article intitulé « Dynamic and acoustic response of bidirectionally stif-
fened plates with eccentric stiffeners subject to airborne and structure-borne excitations» publié 
dans Journal of Sound and Vibartion est présenté [37]. La méthode modale est étendue pour être 
appliquée à des structures raidies métalliques munies des raidisseurs excentriques. Toutes les 
complexités géométriques telles que l'orthogonalité des raidisseurs, l'irrégularité d'espacements 
ainsi que la complexité des formes des raidisseurs sont prises en compte. Les réponses à des exci-
tations de type mécanique, champs diffus et couche limite turbulente sont présentées. L'effet du 
couplage intermodal dans la réponse dynamique et acoustique de la structure est analysé 
Il est noté que la réponse à une TBL, n'a pas été présentée dans cet article pour des raisons de 
limitation de nombre de pages autorisées par le journal. Une validation numérique avec les prédic-
tions FEM/BEM de la réponse d'une structure raidies à une TBL est présentée en Annexe E. 
3.2 Article 
(Voir pages suivantes) 
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Dynamic and acoustic response of bidirectionally stiffened plates with eccentric stiffeners subject 
to airborne and structure-borne excitations. 
Abderrazak Mejdi*, Noureddine Atalla 
GAUS, Department of Mechanical Engineering, 
Université de Sherbrooke 
Sherbrooke (Québec) Canada JlK 2R1 
ABSTRACT 
An analytical method based on the modal expansion technique was developed to predict the vi-
bro-acoustic response of both unidirectionally and bidirectionally stiffened flat panel. This paper 
presents the response to diffuse acoustic field (DAF) and Turbulent Boundary Layer (TBL) excita-
tions in terms of their joint acceptance. Numerical results for the dynamic and acoustic responses 
are compared with finite element method (FEM) and Boundary element (BEM) results for stif-
fened panel with complex and eccentrically shaped stiffeners subject to point force excitation. A 
theoretical prediction of the Transmission Loss (TL) is also compared with laboratory measure-
ments conducted on flat panels representing aircraft models as well as with hybrid Statistical 
Energy Analysis (SEA)-FEM periodic model. The results confirm that the stiffened panel has the 
same acoustic response as the skin without stiffeners at frequencies where the structural wave-
lengths are equal to the spacing between the stiffeners. In addition, the transmission loss is lo-
wered by the presence of the stiffeners at some particular region of frequencies below the critical 
frequency with respect to the unstiffened panel. 
1. Introduction 
Unlike the vibro-acoustic response of simple continuous structures such as beams and plates [1, 
2], a detailed analysis of wave motions for stiffened plates is often difficult to achieve because of 
the complexity of the structural configuration and the uncertainty of the boundary conditions. Tra-
ditionally, the vibration of a periodic plate structure is analyzed using an equivalent orthotropic 
plate [1, 3]. Heckl [4] has suggested that a periodic ribbed plate could be treated as an orthotropic 
plate when the distance between the adjacent ribs is less than a quarter of the shortest plate-
bending wavelength. Based on the calculation of wave propagating constants, he found that pass 
bands of a periodic ribbed plate could be divided into two categories: the first one is close to the 
resonance frequencies of the un-ribbed plate, while the second is close to the frequencies of total 
transmission for a plate with one beam. The orthotropic model is therefore more appropriate at 
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lower frequencies. The most common approaches to analyzing the dynamic response of periodic 
structures are wave propagation [4 - 6], transfer matrix method [7, 8], spectral finite elements [14], 
finite element method (FEM) [9-12] and boundary element method (BEM) [13]. The two latter 
methods are deterministic, thus providing accurate numerical tools for predicting the dynamic re-
sponse of ribbed plates with complex configurations. 
To predict the vibro-acoustics of ribbed panels in the context of Statistical Energy Analysis 
(SEA), Bremner [22] has explained the distinct behaviors in terms of wavenumbers of a flat ribbed 
plate of width Lx and height Ly stiffened with ribs and frames with spacing Sy and Sx between the 
ribs and frames. As the modal half-wavelength in the x and y direction goes below the Lx and Ly 
dimensions, the plate behavior shifts from global behavior, over the plate area (Lx, Ly), to periodic 
behavior over areas delimited by (Lx, Sy), (Ly, Sx). Finally, when the modal half-wavelength goes 
below the rib and frame spacing Sx and Sy, the modal behavior is determined by the behavior of a 
flat uniform subpanel delimited by the ribs and frames. Those four conditions represent the four 
models required in fully describing the modal behavior of a stiffened plate over a large frequency 
band. When a particular condition is met for periodic modes behavior, modes will exist in groups 
of multiplicity pp. The multiplicity factor is the number of modes that are sustained at a particular 
frequency. Recently, Cotoni et al [23] developed a hybrid (SEA) subsystem formulation based on 
finite elements, component mode synthesis and periodic theory to evaluate modal density and 
coupling loss factor of ribbed plates. The analytical model presented in this paper will be com-
pared to previous model. 
Maidanik [24] evaluated the response of a ribbed plate excited by a diffuse field. He found that 
ribbing increases the radiation resistance of the panel and therefore enhances the energy exchange 
between the panel and the sound field. Fahy [25] concurs by stating that the wave reflections pro-
duced by the ribs alter the dispersion relationship in such a way that free waves having wave-
number vector components of supersonic phase velocity can propagate at frequencies below the 
critical frequency of the uniform-plate. These components increase the subcritical radiation effi-
ciency and may cause the panel to be excited in a coincident manner by incident sound waves at 
frequencies below coincidence, thus decreasing transmission loss. 
Several analytical models have been developed. Lee and Kim [15] modeled the stiffeners using 
a combination of lumped masses and translational and rotational springs to evaluate the sound 
transmission loss by means of the spatial harmonic technique developed by Mead et al. [16-18]. 
This model does not take into account the geometry of the stiffeners. In addition, their numerical 
results were not validated experimentally. Maurys and Matte [19] added the stiffeners onto the 
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plate as a force, but they did not take the moment into account. Lin [20, 21] modeled the stiffeners 
of simply supported plates as forces and moments and investigated the forced vibration properties 
of unidirectionally stiffened flat plates at low frequency range. Lui et al [36] used the receptance 
method and modal expansion technique to evaluate the airborne sound insulation of curved panels 
with a stringer and frame attachments. The acoustic diffuse field response of the stiffened panels 
was analyzed. The formulation for the bidirectionally stiffened panels was given in the same way 
as for the unidirectionally stiffened panels. In their analysis, the effect of circumferential stiffeners 
was neglected and the bidirectionally-stiffened panels were treated as unidirectional stiffened one. 
In this paper, a semi-analytical formulation based on the modal expansion technique is pre-
sented to predict the vibro-acoustic response of both unidirectionally and bidirectionally stiffened 
flat plates with even and uneven inter-rib spacing. The formulation is an extension of previous 
modal-based works accounting for the interactions between ribs and plate as moments and force 
coupling. The rotary inertia of the skin is taken into account and the method to accommodate the 
eccentricity of the stiffeners about the mid plane is clearly defined. Moreover, the effect of the 
cross-modal coupling on the vibro-acoustic response of stiffened plate is investigated. The interac-
tion between the orthogonal stiffeners in the case of the bidirectionally-stiffened plate is clearly 
captured in the presented formulation. The presented method allows a reliable estimate of the res-
ponses to different types of excitations such as point force, DAF and TBL. It is worth noting here 
that while there is an extensive literature on the response of isotropic flat plates to TBL excitation 
[26, 27], only a few published studies are available on the vibro-acoustic response of a flat plate 
with unidirectional stiffeners [40], and no study has been found on bidirectional configurations. 
The advantage of the presented method compared to previous work is that the response of both 
unidirectional and bidirectional stiffened plate is obtained using only one simple and general ma-
trix formulation. Moreover, both light and heavy fluid effect is included, rendering the method ap-
plicable for aircraft and naval stiffened plate designs. In addition, the exact solution for vibro-
acoustic responses to a diffuse acoustic field and point force excitation are presented. The pre-
dicted results are shown in excellent agreement with FEM and BEM with a significant reduction in 
computational. However, compared to the latter methods the proposed formulation is limited to 
flat simply supported panels and neglects direct radiation from the stiffeners. 
Section 2 includes a presentation of the analytical solution in predicting the dynamic and acous-
tic response of finite plates that are evenly and unevenly stiffened with various and eccentric 
shapes of stiffeners. Section 3 presents a comparison of the predicted results for the dynamic and 
acoustic response of panels stiffened with varied and eccentrically shaped stiffeners for both unidi-
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rectional and bidirectional-stiffened panels with the results obtained using FEM. In section 4, the 
predicted transmission loss of stiffened panels are validated using experimental data and a hybrid 
SEA-periodic model of Cotoni et al. [23] on two flat panels representative of those used in aircraft. 
2. Theory 
A description of the theoretical model is presented in this section, including the general solution 
in predicting the vibro-acoustic response of both bidirectionally and unidirectionally stiffened 
plates. 
1.1 General formulations: 
The flat rectangular panels considered in this study are either unidirectionally or bidirectionally 
reinforced (figures 1 and 2). The plate is assumed to be simply supported and reinforced by Nx and 
Ny eccentric stiffeners in the x and y directions respectively, which are either evenly or unevenly 
spaced along the plate surface. The plate is described using a thin shell theory and the stiffeners 
are described using Euler-Bernoulli's beam theory. The stiffeners, which are assumed to be physi-
cally unconnected to each other, are aligned parallel to the rectangular edge and are fully con-
nected to the plate along their full length. The acoustic radiation from the stiffeners is not taken in-
to account. The effect of fluid loading is, however, accounted for and is shown to be negligible in 
the studied configurations. 
/ 
Fig . 1 : Unidirectionally stiffened plate 
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Fig . 2: Bidirectionally stiffened plate 
The governing equation of the motion of a thin plate can be written as [28, 29] by taking into 
account the plate's rotational inertia: 
3 , . 2 
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where: Dp = Ep (\+m)hp \2\\-v I is the plate bending stiffness. Ep; hp; vp; pp and narc respec-
tively the Young's modulus, thickness, Poisson's ratio , density and damping coefficient of the 
plate. F,Sx, F,Sv are the transverse shear force in x and y at positions x and y. Mf", M,Sv are the mo-
ment per unit length at the ith and7th stiffener-plate interface. Pexc and Pt /={1,2} are the external 
excitation and fluid loading pressures. 8 and Ô represent dirac operators and its spatial deriva-
tive, respectively. 
The governing equations of the flexural and torsional displacements of the /'th andy'th stiffener 
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where U'sx. UJsy are transversal displacement at the joint lines of attachments and 9'
 & , 0J Sy 
are torsional angles. EXI; IXI; Eyi; Iyj are the bending rigidities and GXI; JXI; GVI; Jy, are the torsional ri-
gidities of the stiffeners in the "x-wise and y-wise" directions, respectively. pxl ; pyj and A„ ; Ay] are 
the mass and surface of the stiffener , Ix, ;Iyj, and 7^, ;Ipyj, are the moment of the inertia and the po-
lar moment of inertia of the stiffener cross section about its center of mass, respectively. Damping 
is included using complex elasticity coefficients. To account for eccentricity between the neutral 
axis of the stiffeners and the mid-plane of the plate, Huygens' formula [38] is used to calculate the 
moment of inertia of the stiffeners about the mid plane of the plate. 
The compatibility conditions at the beam/plate interfaces read: 
Uls{y) = W(xl,y), (6) 
,
 x dW(x,y) 
ox 
Ui(x) = W(x,yj), (8) 





Eqs. (l)-(5) are solved by modal expansion of the displacement fields of the plate and stiffen-
ers: 
W(x,y) =
 z2'Lwmn<PAx)(PÀy)^ (10) 
m n 




Oi{y) = iZdicpn{x). (14) 
m 
where (pm(x)-sm(mn/Lx) and <pn(x)=s\n(nn/Ly) are the mode shape (trial functions) for simply 
supported boundary conditions. Wmn; U '„, 9 '„ are the modal coefficients of the (m, «)* bending 
mode and modal coefficient of «th flexural and torsional mode of the rth beam, respectively. 
Multiplying Eq. (1) and Eqs.(2)-(5) by their respective mode shape functions and integrating 
each along the surface of the skin and along the length of stiffener, respectively, leads to: 
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2;A„=L-X f>m(xJ-ZM>U^)-È^U) 
, (15) 
" Z K cp \ ( y, ) + jco^ £ Z„jr„ 
J FI 
Where Z^n=php(Dp/php kl-co2-co2h2p/\2(k2m+k2„))Nmn is the structural impedance 
with:A'mn=Z,xZ,/4, and Zmnpq is the radiation impedance. kmn =^k2m +k2n is the modal wave-number 
of the (m, n)th plate bending mode where the terms km= mn/Lx and kn= mc/Lx are the modal wave 
number components of the rectangular plate with respect to the two orthogonal plate edge direc-
tions. Eq. (15) can be written explicitly as: 
-jcoZxm ZX2s-jcoZX2x2 
J mmaxn^maxll 
-/ m maxrt max 12 
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(16) 
Where mjnax, nmax are the selected truncation orders for the mode shape functions. The so-
lution for Eq. (16) has the following form: 
Nr N, Af„ JV„ 
^ n = Z Z 4 mnpq 
P <i ;=1 /=! /=l ;=1 
,(17) 
Where ^ ^ are the coefficients of the admittance matrix obtained from the inversion of the 
impedance matrix of equation(16). 
The expression of the transversal and rotational modal coefficients is given by 
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using the compatibility conditions in Eqs. (6)-(9) and Eqs. (17)-(21), we obtain the expression 
of modal displacement vector {W) at each frequency: 
{W} = [A][{P}-^Ml[Hf], (22) 
Where T denotes the matrix transpose, [A] is the admittance matrix and {P} is the vector of the 
modal load. The components of matrices [Q>], [i|/],and vector {//} are given in Appendix A. 
After a few algebraic manipulations, we obtain the following expression for the plate's modal 
displacements: 
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; 
Where a'*/and/?*/ are complex parameters given in Appendix A. 
Expression (23) is a general expression allowing the prediction of the modal displacement in 
both light and heavy fluids. In the case of light fluid loading, the modal displacement can be sim-
plified by cancelling the cross-modal terms: 
1 - 1 Z Z 1«i " Z I I fl rfl'r * _ - ' 
mn K„-Ja>Z„ 
(24) 
The fluid impedance Zwnmn can be written as: 
mnmn mnmn J mnmn ' V / 
In the case of light fluid the radiation reactance Xmnmn can also be neglected compared to the 
radiation resistance ?^ The latter is given by: 
R
mnmn=PoC0^mnNmn^ (26) 
Where p0 and c0are the density and speed of the fluid, and am„ is the modal radiation efficiency. 
In this study, we obtained it using Leppington's asymptotic formulas [30]. 
1.2 Response to point force excitation 
Considering the model of a plate with eccentric and regular or irregular inter-rib stiffeners, at-
tached along the "x-wise and y-wise directions". Excited by a point force P0 at an arbitrary point 
(x0 , yo) the classical vibration indicators of the plate are easily derived. The space averaged qua-
dratic velocity and the quadratic velocity itself are given by: 
{^>))=4lXW2; (27) 
& m n 
Where Wm„ is given by equation (23) or (24) and Pmn is provided in the following expression: 
Pm,=Po<Prn(Xo)<Pn{yo)> (28) 
The radiated power can be written as follows: 
n,(a>) = £x{W}T[Z]{W}; (29) 
Where [Z] is the radiation impedance matrix and 9? denotes the real part. 
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/ . 3 Response to diffuse field, point force and turbulent boundary layer load 
For a diffuse acoustic field excitation, the vibro-acoustic responses are obtained by considering 
a plane wave excitation having incidences angles cp, 6 about the x-axis and z-axis, respectively. 
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Where denotes the conjugate 
By assuming that the fluid is light, the contribution of cross modal loading terms {Pm„,P*mn} 
and the cross modal terms of the radiation impedance are negligible and the quadratic velocity of 
the stiffened plate can be written as: 
(»"M.«))-fEZir 1 
m
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The expression of the modal loading terms \Pmn(<p, 9,co)\2 is computed using Maidanik's formu-
lation [24]. 
The quadratic velocity for a diffuse acoustic field is obtained by averaging over all incident an-
gles: 
iv2(co))= £* ^ (V2 (cp,0,u)))sm(0)cos(e)d0d(p, (32) 
This leads to: 
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Where Jmn (<i>) is the joint acceptance in a diffuse field given by: 
(34) 
and f9mai is the maximum angle of incidence. 
The remaining integration in equation (34) is difficult to perform analytically, but due to the na-
ture of the integrand, it lends itself easily to numerical integration. 
The radiated power in a diffuse field can be written as: 
u(co)=—sty y — ^ = — = -
Z
 m n / - /(WZ 
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iV„ 
The transmission loss is given by: 
TL = 10Log(l/r(û))), (36) 
Where r(co) is the transmission coefficient in a diffuse field that is obtained by averaging over-
all incidence angles: 
t f™Ilr(<p,0,co)/ni(<P,0,u))sm(0)cos(0)dcpd0 
*•(©) = - * - * *r*z—— — . (37) 
^ ^ sin(0)cos(0)dcd0 
The incident power is given by: 
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The expression of Tmn is given by 
TL-^^\Pmn(9,e,oyfsm{0)d0dcp, (40) 
Note that, when the cross coupling is accounted for, the transmission loss is given using Equa-
tions (23) (29) ,(37) and (38). This will include the average of the cross modal loading terms given 
by [44]: 




where k0 is the acoustic wave number, and S is the surface of the skin. 
For a TBL excitation, the quadratic velocity and radiated power are given by Eq. (33) and Eq. 
(35) respectively, with the joint acceptance J2mn given by: 
y L > > = ^2 I I llMx')<Pn(y')tpr(*'y>x,>y>)<P»(x)<pn{y)dxdydx'dy',(42) 
Where ^ ( x ^ x ' , > > ' ) is the spatial power spectral density of blocked parietal pressure of the 
TBL; by applying Fourier transform in expression(42), the joint acceptance can be written as: 
jL^=iiCCsAk^m)K(k'MM'dky^ (43) 
where Spp(kx,ky), SmJJCx.ky), are respectively the power spectral density of blocked parietal pres-
sure of the TBL and the modal function in the wavenumber domain. 
There are many models for the power spectral density of TBL in the literature. Joint acceptance 
can be performed analytically using Eq. (42) or Eq. (43) for models such as Cockburn's [32], Cor-
cos' [33], and Efimtsov's [34] models, or numerically using Eq. (43) for other models such as 
Smol'Yakov [42] and Chase model's. 
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Finally, it is worth noting that the formulation for unstiffened and unidirectionally stiffened 
plates is a special case of the previous formulation; their response can be computed by cancelling 
the sums involving Nx and/or Nx. 
3. Numerical results and discussion 
We examined the accuracy of the analytical method by comparing the predicted dynamic re-
sponse to FEM simulations for both unidirectionally and bidirectionally stiffened plates. The 
shape, inter-rib spacing and eccentricity of the stiffeners were all varied. In the TBL excitation 
case, the model presented in this study was validated by comparing it to SEA predictions using the 
commercial software program VAone [35]. This program uses Cockburn's model [32] for the TBL 
and Bremner's ribbed plate approximation for the ribbed plates [22]. For the DAF excitation, the 
results were validated using an in-house code with NASTRAN for the structural response and 
Rayleigh's integral for the acoustic response. For the sake of conciseness, the results presented in 
this section are limited to (i) numerical validations using FEM for a point force excitation and (ii) 
experimental validation TL prediction. In addition, in all the results presented in this paper, the 
maximum number of trial functions (base modes of the simple supported plate) is selected by veri-
fication of the solution's convergence. This paper does not include a convergence study. 
/. 4 Plate stiffened unidirectionally 
1.4.1 Response to point excitation load on the stiffener 
Consider the stiffened plate I shown in Fig. 3. a. The cross section of the stiffeners is 
represented in Fig. 3. b. The mechanical and geometrical properties of the plate and the stiffeners 
are listed in Table 1. The origin of the (x, y) axes is at the lower left corner of the plate. The point 
force is located on a stiffener at position (0.143m, 0.11 m). 
The predicted quadratic velocity and radiated power from the present model of the stiffened 
plate with simple eccentric stiffeners is compared with the FEM using the commercial software 
program MSC.Nastran [36]. In this program, the plate is modeled using Quad4 elements and the 
stiffeners are modeled as beams (Cbeam elements). Offsets are used to connect the plate and the 
beams. 
The FEM results are obtained using an in-house code which uses the eigenvalues and the ei-
genvectors extracted from MSC/NASTRAN. In the FEM model, 7313 CQUAD4 thin shell ele-
ments and 514 CBAR beam elements were used. The response was calculated using a modal fre-
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quency response analysis in 23 structural modes. In the model presented here, the modal summa-
tion is computed using 100 trial functions (summation limited to /w_max=10 and w_max=10). 
Figure 4 shows the comparison between predicted and FEM results. Both the space averaged 
quadratic velocity and radiated power are predicted by (i) using the full radiation impedance ma-
trix (including the cross modal terms and reactance terms), (ii) keeping only the diagonal terms of 
[Z] (light coupling) and (iii) eliminating the imaginary part Xmnmn of the radiation impedance. An 
excellent agreement is obtained for both the space averaged quadratic velocity and the radiated 
acoustic power when the cross modal terms are included in the analysis. However, and as known, 
slight discrepancies are observed between the FEM and predicted results, especially for the ra-
diated power at anti-resonances when the cross modal terms are neglected. To provide a complete 
analysis, Fig. 4 also shows the negligible effects when the reactance terms in this light-fluid analy-
sis are included. As well, a slight discrepancy is observed at the first resonances. This may due to 
the difference between the formulation used to compute the radiation impedance and/or the modal 
truncation. 
On an IBM dual core 2.7 GHz computer with 2 GB of RAM, 504 sec of computational time is 
needed when cross modal terms are included in the analysis. The time required drops to 244 sec 
when only direct terms are included, compared to 110 sec when only the real part of radiation im-
pedance is calculated using Leppington's formulation [30]. The computational time needed for the 
extraction of modes with the MSC/NASTRAN model on the same machine is 78 sec. However, 
the computational time to predict the vibration and acoustic response using the extracted 
NASTRAN modes took approximately one hour using a dual-CPU Intel Xeon X5560 quad-core 
computer, 2.8GHz of RAM. 
Table. 1.Properties of unidirectionally stiffened plates 
Material 
Number of stiffeners 
Damping 
Surface area of skin (m2) 
Thickness of the plate (m) 
Spacing between stiffeners (m) 
Moments of inertia of stiffeners (m4) 
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Eccentricity (m) e==1.16xlOJ eŒ=lxlO"' e-=1.642xl0"2 
a) b) 






Prmcntcd inodd (wftbMit croit modal couptMg) 
- P m t n i a d modal (wf(h Xmamn-ft l 
- F E M 
Pmrnted mtMici (with eorw modal coupHng) 
Pnswnted model (without crow modal cMmttnfct 
• P m n M model (with Xmamn~f>> 
- H C M 
Presented modd (widi cor» modal coaplng) 
41» 600 
Frrqaeac; (Hx) 
Fig . 4. Comparison of FEM and predicted quadratic velocity and radiated power. 
1.4.2 Response to point excitation load on the skin 
In this example, the stiffened plate II shown in Fig. 5.a. has eccentric stiffeners with a more 
complex shape Fig.5.b. Their geometrical properties are listed in Table 1. Moreover, the load is 
located on the plate at position (0.218m,0.37379m) measured from the lower left corner of the 




Fig . 5. Unidirectionally stiffened plate: (a) complete structure (b) stiffener 
In FEM predictions, the mesh used in the previous example was conserved. In the analytical 
predictions, 100 trial functions were used with the cross modal terms included and 1600 functions 
with cross modal terms left out. 
- Pretcated model (wttaeut crou modal coapUag) 
-FEM 
• Prweated model (with cur** modal coapmn) 




Fig . 6. Comparison of FEM, predicted quadratic velocity and radiated power 
Again, Fig. 6 shows slight discrepancies at anti-resonances when the cross modal terms are 
neglected and an excellent agreement when the cross modal terms are included. 
The computational cost is the same as in the previous example for the model presented here and 
the FEM models when a 100 plate mode shape is used. However, the computational time is 1770 
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sec when 1600 trial functions are used. To avoid a long computational time for the radiation im-
pedance and inversion of large matrices, which is dimensionally dependent of the number of plate 
modes, an exact truncation of the series must be done to obtain an approximate solution with suffi-
cient accuracy. 
It is worth noting that at high frequencies such as when the structural wavelength is less than 
the shortest distance between the point force and the stiffeners, the effect of stiffeners would be 
negligible and the dynamic response of the stiffened plate similar to the response of the sub-panels 
between the stiffeners. It is also observed (not shown here) that the stiffened plate has the same re-
sponse as an equivalent orthotropic plate only at low frequencies. Moreover, there are some par-
ticular modes of interest at frequencies where the stiffened plate has the same acoustic response as 
an equivalent unstiffened one as confirmed by Lin[21] in the dynamic response. To illustrate, Fig 
.7 shows the overlapping between the acoustic responses of the stiffened and unstiffened plates at 
frequencies 637, 662 and 703Hz, corresponding to modes (6,1), (6,2) and (6,3) of the unstiffened 
plate, respectively. These modes correspond to flexural modes where the plate half wavelength Ax 
along the edge parallel to the x-axis (related to the modal wave number kx = mnjLx by 
Xx = 2K/kx ) coincides with the spacing between stiffeners Sx : (nAx = 2SX) where n is an integ-
er. This means that all stiffeners are located at nodal locations of these modes. Therefore, the stif-
fener effect is negligible at these frequencies and the ribbed plate has the same response as an 
equivalent unstiffened one. 
Fig . 7. A comparison between acoustic responses of unidirectionally stiffened plate II and the 
equivalent unstiffened plate. 
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1.4.3 Bidirectionally reinforced plates with evenly and unevenly spaced stiffeners 
We studied the evenly and unevenly stiffened plates IV and V shown in Fig. 8. a. and Fig. 8. b. 
respectively. Table 2 lists the mechanical and geometrical properties of the plates and stiffeners. 
The point force position on plates IV and V are (0.3 lm, 0.5m) and (0.31m, 0.52m) respectively. 
a) b) 
Fig . 8. Bidirectionally stiffened plate: (a) regularly spaced stiffeners (b) irregularly spaced stif-
feners 
Table. 2.Properties of bidirectionally stiffened plates 
Material 
Number of stiffeners 
Damping 
Surface area of skin (m2) 
Thickness of the plate (m) 
Spacing between stiffeners (m) 
Moments of inertia of stiffeners (m4) 
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The accuracy of the proposed method was reverified by comparing the predicted space-
averaged quadratic velocity and radiated power to FEM results. In the FE model, 7200 CQUAD4 
thin shell elements are used for the base plate. The stiffeners are modeled using 420 CBAR beam 
elements for plate IV and 520 CBAR beam elements for plate V. In the model presented here, the 
64 MODÉLISATION DES STRUCTURES ORTHOGONALEMENT RAIDES 
modal summation was computed using 100 base-plate modes. The comparisons are shown in Fig. 
9 and Fig. 10. Again, the results with and without modal coupling are shown. 




Fig . 9. Comparison of FEM and predicted quadratic velocity and radiated power 
of regularly spaced stiffeners on plate IV. 
Presented modd (without crow modal coapanx) 
-FEM 
C -50 
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Fig . 10. Comparison of FEM and predicted quadratic velocity and radiated power of the irregu-
larly spaced stiffeners on plate V. 
The observations are similar to the previous case for both plates IV and V when the cross mod-
al terms are included or left out in the analysis. The computational time used in the model pre-
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sented here is 510 sec for an evenly stiffened plate and 700 sec for an unevenly stiffened plate 
when the cross modal terms are included. The time needed by MSC/NASTRAN for the extraction 
of modes on the same machine is 55sec and 70 sec for even and uneven plate stiffening, respec-
tively. The time needed by the in-house code is more than one hour in both cases, using the same 
Intel Xeon X5560 computer. 
4. Experimental validation 
This section presents the experimental validation for the prediction of transmission loss of the 
two stiffened panels. The first panel (III) (Table 1) has unidirectional stiffeners and the second 
panel (VI) (Table 2) has orthogonal stiffeners. The experimental measurements presented here 
were carried out at the Université de Sherbrooke. 
1.5 Transmission Loss on a unidirectionally stiffened plate loaded by diffuse field 
The stiffened panel (III) was mounted between a reverberation room and an anechoic room and 
its TL was measured according to standard ISO 15186-1: 2000. The low frequency limit of the 
used transmission loss facility is around 200 Hz (reverberation room volume equal to 143m3). 
The comparison between measurement and predicted transmission loss of the stiffened panel 
(III) is shown in Fig. 11. The field incidence (f?max = 78°) is used in the predictions. Overall, the 
comparison is good. Note in particular that the presented method is able to predict the dips at 315 
Hz and 1250 Hz. However, these dips are less pronounced in the experiments. 
Using presented model or directly the NASTRAN model, one can visualize the modes of the 
panel to estimate the wavelength (structural trace) of the plate at each frequency. In this example, 
it is found that below 98Hz the behavior is controlled by global modes. The first sub-panel mode 
is at approximately 100Hz and its effect is not clearly seen in the TL curve. The dips observed at 
315Hz, and 1250H 1/3-octave bands were correlated with high-order sub-panel modes localized at 
one edge of the panel (the local modes are highly attenuated in the other sub-panels). 
The discrepancy observed at low frequencies may be due to boundary conditions. In fact, the 
model assumes simple support while in the test the panel edges were sandwiched between two de-
coupled flat bars using a neoprene seal. The boundary conditions are somehow closer to clamping 
than simple support; however, no attempt was made to identify the test boundary conditions. 
Moreover, the size of the used reverberation room limits the lowest frequency range to 200 Hz and 
thus the results at 100 Hz and 160 Hz may be questionable. 
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— O - Presented model 
- O - Experimental 
10* HI3 10' 
Frequency (Hz) (1/3 octave) 
Fig .11. Comparison between predicted and test measurement of transmission loss 
The discrepancies at higher frequencies, near the critical frequency of the base plate, are cer-
tainly due to damping. In the simulation, a constant 1 % structural damping was used for both the 
plate and the stiffeners. Better agreement could have been achieved if damping had been measured 
(edge damping) and used in the simulations. 
/. 6 Transmission loss of bidirectionally stiffened plate loaded by a diffuse field 
In this test case, the measurement was conducted on a bidirectionally stiffened panel. Fig. 12. 
shows pictures of the stiffened panel (VI) as mounted in the transmission loss facility. 
Fig 13. shows the comparison between prediction and measurement. Results from the hybrid 
SEA-FE periodic model presented by Cotoni et al. [23] are also shown. The commercial software 
VAone [35] was used to compute these results. Field incidence was used in the predictions both 
the presented model and the hybrid model are able to accurately capture the measured TL. Both 
models predict the dip at 315 Hz. This dip are again highly damped in the experiment, which is 
certainly related to edge damping (neoprene was used to attach the panel in the mounting win-
dow). The discrepancies below 315 Hz are due to boundary conditions. 
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Fig . 12. Pictures of the orthogonally ribbed panel mounted between the reverberant and ane-
choic rooms; seen from the excitation room (left) and the receiver room (right) 
• Presented model 
| —O— Experimental 
I —1>— periodic model 
Frequency (Hz) (1/3 octave) 
Fig . 13. Comparison between predicted, measured and periodic model results for transmission 
loss 
Based on Bremner [22] model it is observed that low frequencies are governed by global modes 
and medium and high frequencies are governed by periodic and local modes. This transition be-
tween the modes produces an increase of sound transmission, due to the large radiation efficiency 
of the smaller size panels (sub-panels) at the so-called frequency of transition. Therefore, the dip 
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observed on the TL in the 315Hz l/3octave band may be due to the transition between global and 
local modes. 
5. Conclusion 
This paper presented a simple semi-analytical model employing the modal expansion technique 
in order to predict the vibro-acoustic response of finite ribbed panels under various excitations. 
Both unidirectionally and bidirectionally stiffened panels were implemented. The effects of stif-
fener shape, position and eccentricity were considered along with a clear analysis of the effect of 
cross modal coupling. Regularly and irregularly stiffened plates with various eccentricities, and 
stiffener cross-sections were studied to validate the accuracy of the analytical method in compari-
son with the FEM for vibration and BEM (Rayleigh's integral) for sound radiation. Transmission 
loss tests were also conducted to validate the model in comparison with a hybrid SEA/FEM peri-
odic model. The presented model agrees very well with experimental tests in most frequency 
ranges of interest. In all studied configurations, a reduction in computational cost (CPU time and 
memory) was achieved in comparison with the finite element and Boundary element method. The 
results of the simulations and tests corroborate the classical behavior of stiffened panels. Although 
limited to a simple geometry (flat panel) and simple boundary conditions (simple support) com-
pared to FEM/BEM based methods, the present model still represents an excellent tool for quick 
and accurate parametric studies. One other particular application of the presented model is the 
quick estimation of the modal density and radiation efficiency of stiffened panels for SEA applica-
tions [39]. , 
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Appendix A. Matrices component for the bidirectionally stiffened plate 
In Equation (22) , the matrix [cp] is to be inverted numerically. This matrix is square and fre-
quency dependent with dimensions of (2Nxn_max.+2Ny m max ). The general form of this matrix, 
taking into account the cross-modal terms, is given by: 
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Where a/ (<7,«) is the component of matrix [ A | 1 at row q and column n. In the same way, 
the components of the other matrixes can be written as follows: 
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p m 
ï(4>m) = YiHA>*H<P»(yj)VpM f o r i = l.JVxtj = l..Ny;m = l.M_max;q = l.M_nax 
p n 
(A.4) 
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Matrix [ip] in equation (22) is rectangular with dimensions (2Nxn_max +2Nym_max)(n_max 
mjnax) 
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Where: 
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Vector {H}in equation (22) with dimension (2Nxn_max +2Nym_max) is given by: 
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where: 
*'i = Z Z Z AmnpqPmn(pp {x,) forq = l..n_ max, i = 1 ..Nx 
p m n 
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Using (A.1),(A.13) and (A. 16), Equation (22) can be written as: 
(A. 19) 
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By multiplying, we easily obtain the expression of modal displacement 
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CHAPITRE 4 ANALYSE DU COMPORTEMENT 
VIBRO-ACOUSTIQUES DES STRUCTURES 
RAIDIES COMPOSITES 
4.1 Introduction 
Il a été mentionné dans le chapitre précédent que plusieurs recherches ont été menées pour pré-
dire la réponse vibro-acoustique des structures raidies. La majorité des ces recherches sont limitées 
à des structures métalliques. En général, les structures considérées sont renforcées suivant une seu-
le direction. L'article présenté dans le chapitre précédent s'est intéressé à des structures renforcées 
par des raidisseurs excentriques orthogonaux et leurs réponses à des excitations mécaniques, DAF 
et TBL. 
Rares, sont les études sur les structures raidies en composites laminés. Certains chercheurs on 
analysés les plaques composites laminées non raidies. D'autres, ont analysé les poutres en compo-
sites ou bien les plaques laminées renforcées unidirectionellement par des raidisseurs métalliques. 
Cependant, aucun modèle analytique n'existe pour des structures raidies dont la structure portante 
et les raidisseurs sont en matériaux composites laminés. Ce genre de structure est généralement 
modélisé à l'aide des méthodes déterministes telles que les éléments finis 
Dans ce chapitre, l'article intitulé « Vibro-acoustic analysis of laminated composite panels stif-
fened by complex laminated composite stiffeners» soumis au International Journal of mechanical 
Sciences est présenté [38]. Un modèle semi-analytique pour les structures raidies composites mu-
nies des raidisseurs excentriques en composite est développé. La réponse vibro-acoustique de ces 
structures est analysée en tenant compte de toutes les complexités structurales et de chargement. 
Une méthodologie permettant de déterminer les paramètres de la SEA de telles structures est aussi 
présentée. L'effet du couplage intermodal dans la réponse dynamique et acoustique de la structure 
est également analysé. 
4.2 Article 
(voir pages suivantes) 
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Vibro-acoustic analysis of laminated composite panels stiffened by complex laminated com-
posite stiffeners 
Abderrazak Mejdi , Noureddine Atalla 
G A US, Department of Mechanical Engineering, 
Université de Sherbrooke 
2500, bout. Université 
Sherbrooke (Québec). Canada J1K2R1 
ABSTRACT 
This paper investigates the vibro-acoustic behaviour of symmetric and asymmetric laminate 
composite panels reinforced by complex eccentric composite stiffeners. Airborne and structure 
borne type excitations are considered. Two comprehensive theoretical models are developed, the 
first model is based on a modal approach and the second constitute an improvement of an existing 
model used in statistical energy analysis (SEA) for periodic metallic structures to handle compo-
site structures. The first order shear deformation theory is used and the in-plane/bending effects 
are taken into account. The Composite panels reinforced by three types of composite stiffeners 
with cross-sections (I, C and omega) are analyzed. Both irregularly and periodically stiffened pa-
nels are analyzed and physical interpretations are extracted. The models are numerically validated 
by comparison with the finite element (FEM) and boundary element methods (BEM). In FEM si-
mulations, the stiffeners are modeled as surfaces assembly in order to highlight their in-plane dis-
placements and their deformations effects. 
Keywords: composite stiffened panels; input mobility; modal density; shear deformation; transmission loss; 
radiation efficiency. 
1. Introduction 
Metallic stiffened panels have been used extensively in the past in many metal aircraft applica-
tions. Thus several analytical models have been developed to predict their vibro-acoustics re-
sponse [1-3]. Nowadays there is an increasing use of laminate composite-stiffened panels due to 
their lightweight and higher stiffness. For instance, the fuselages of recent commercial aircrafts are 
commonly made of composite panels reinforced with composite stiffeners and filled with fiber-
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glass to enhance their thermal and sound insulation [4]. However, less is known about their vibro-
acoustic behaviour. Laminated plates are modeled as a two dimensional problem wherein the dis-
placement field in each lamina is based either on the Kichhoff s hypothesis or on the shear defor-
mation assumption [5-8]. The classical laminated plate theory is based on the Love- Kirchhoff ki-
nematic hypothesis which neglects the transverse shear strain. However, this theory is generally 
inadequate because it underestimates the deflections and overestimates resonance frequencies, so 
its validity is restricted to thin laminates. More accurate results are provided by a first-order shear 
deformation theory [9] or other higher order shear deformation theories [10]. The first-order shear 
deformation theory based on Reissner- Mindlin-type assumptions takes the transverse shear de-
formation into account. However, it requires shear correction factors to compensate the errors re-
sulting from the approximation of the shear-strain distribution. For instance, Ghinet and Atalla 
[11-11] used Reissner-Mindlin-type assumptions with shear correction coefficients, developed the 
dispersion equation for unstiffened composite laminate panels and used its solutions to calculate 
various vibroacoustics indicators such as the modal density, radiation efficiency and transmission 
loss. As mentioned above, little work has been published on stiffened composite panels compared 
to metallic panels. A review of the classical models for the latter can be found in Mejdi and Atalla 
[3]. The same authors presented a simple and general method based on modal expansion technique 
to analyze the vibro-acoustic behaviour of both bidirectionally and orthogonally stiffened panels. 
They modeled the metallic stiffeners as line forces and moments and used the continuity between 
the skin and the stiffeners to derive a simple matrix formulation for three types of excitations: 
Turbulent Boundary Layer (TBL), Diffuse Acoustic Field (DAF) and mechanical excitations. 
Their model also allows for both light and heavy fluid effects. Based on Love- Kirchhoff assump-
tion, Yin et al [13] developed a model using a wave approach and periodicity theory, to analyze 
the acoustic radiation from infinite stiffened laminate panels. However their stiffeners are metallic 
and unidirectionally distributed. Simpler models were also developed using the periodicity as-
sumption, mainly for metallic panels. For example, Legault and Atalla [14] developed a model to 
predict the sound transmission through a double panel structure where the skin (source side panel) 
is reinforced by unidirectionally and regularly spaced stiffeners. A simpler, engineering oriented, 
model was developed by Bremner [2] to predict the vibro-acoustics of periodic stiffened panels in 
the context of Statistical Energy Analysis (SEA). Bremner [2] divided the wave number domain 
into four zones and computed the corresponding resonance frequencies of each zone in order to 
approximate the modal density and the vibration response of such a panel. However, his model 
was also limited to metallic stiffened panels. A modification to this model, to handle composite 
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panels and stiffeners, is presented in this paper. While there are few published studies on compo-
site laminate panels reinforced by composite stiffeners compared to metallic panels (actually the 
authors are not aware of any study handling orthogonally stiffened composite panels), several stu-
dies are available on the modeling of composite beams. Thuc and Lee [15] developed a method to 
predict the flexural and torsional vibration of open section composite beams based on shear de-
formation. Lee and Kim [16] developed a simple and accurate model to analyze dynamic behavior 
of symmetrically shaped composite beams. The same authors extended their model to asymmetric 
beams for which the effect of the coupling between flexural and torsional displacement appears 
[17]. However, their analysis was limited to thin-walled composite beams with I cross-sections 
and channels sections. 
In the present paper, an analytical method based on modal approach to analyze the vibroacous-
tic behavior of composite stiffened panels is presented. The advantage of the proposed approach is 
its ability to predict the vibroacoustics response of composite panels reinforced with unidirectional 
or orthogonal composite stiffeners. Both symmetric (equilibrated) and non-symetric composite pa-
nels are handled. The stiffeners may have complex shapes, such as an omega cross-section, and 
may be regularly or irregularly distributed. The composite skin is described using the first-order 
shear deformation theory based on Mindlin-type assumptions. The transverse shear deformation is 
taken into account using shear correction factors. In order to get the flexural modes of the skin, the 
latter is treated separately and the continuity between the skin and the stiffeners are used. The 
equivalent properties of I and C stiffener's cross-section are already known [16-17]. However, the 
development for an omega cross-section is explicitly developed in this paper, based on Hamilton's 
principal and classical lamination theory. Moreover, the effect of cross coupling is illustrated. The 
model is validated by comparison with a coupled FEM/BEM approach using MSC/Nastran [18] 
for the vibration analysis and an in-house code (BEM) for acoustic radiation. On the other hand, 
the simple periodic model presented by Bremner [2] for metallic ribbed panels generally used for 
SEA is modified in order to handle composite ribbed panels. Excellent agreement is again ob-
tained with both FEM and the presented modal model. 
2. Model development 
The stiffened flat panels considered here have symmetric composite skin with either unidirec-
tional or bidirectional symmetric laminate stiffeners. Fig. 1 shows a schematic of the geometry of 
the problem. The plate is assumed rectangular with length Lx and width L and is simply sup-
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ported. It is reinforced by NK and A/v stiffeners along x and y directions, respectively. The stif-
feners are either periodically or irregularly distributed on the plate surface. The stiffeners, Fig. 1 
which are assumed to be physically unconnected to each other, are parallel to the rectangular edge 
and are connected to the plate along their full length. The acoustic radiation from the stiffeners is 
not taken into account. 
Fig. 1. Laminate stiffened plate. 
Assuming a displacement field in each layer of the form [9]: 
U(x,y,z) = U0(x,y) + z<px(x,y) 
V(x,y,z) = V0(x,y) + zcpy(x,y) 
W(x,y,z) = W0(x,y) 
(1) 
U, V and W are the in-plane and the transversal displacements and cpx , cpy are the rotational 
displacements in x and y directions, respectively and z is the layer's point position from lamina 
mid-plane. 
The dynamic equilibrium relations of the unstiffened in-vacuum panel are given by integrating 
the stress continuity relation through the thickness of the lamina [8]: 
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Where NX,NV,N axe the in plane forces and MT,Mv,Mrv are the bending moments and 
x y xy x y xy *~* 
Qx'Qy a r e m e shearing forces. ms and Iz Iz2are the total mass per unit area and the total rota-
tional inertia terms, respectively. Their expressions are given in Appendix A for completeness. 
For any point on the asymmetrically laminated composite panel, the constitutive matrix relating 
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(3) 
Where the constants A B:J and DtJ are extensional, bending and extensional-bending stiffness. 
The shear stiffness F is computed by taking into account the shear correction factor. Note that, in 
the case of symmetric panels the extensional-bending stiffness Bt) are equal to zero. 
The equations of motion can be obtained by introducing (3) into (2) and solved by assuming a 
solution in the following form [11]: 
{<?} = [U,V,W,cpx,cpy)J exv,(jkx + jky+jcot), (4) 
83 
Where kx and &( are the components of the structural wave number, k is defined as a func-




Using Eqs. (2)-(5), we obtain the following compact matrix equation: 
{KM-ikp[A2)-[A)-co2[M]}{e} = Q, (6) 
The expression of the matrices[/s,],^], [A3] and [M] are again given in appendix A for 
completeness. 
Equation (6) is a complex eigenvalue problem and represents the dispersion relation of the 
laminate composite skin. For a fixed frequency, the solution of this equation leads to various types 
of wave numbers corresponding to evanescent and propagating waves in the two opposite direc-
tions [11]. On the other hand, when the wave number is imposed to a given mode shape (modal 
wave number) the solution yields the associated resonance frequency. For instance, since the plate 
is simply supported in this work, the flexural resonance frequency comn associated to mode (m,n) 
can be extracted by fixing the wave numbers to: 
mn , , nn 
k = a n d ^ = — (7) 
and solving the following equation: 
This can be used in turn to estimate the equivalent modal impedance of the skin (i.e. unstiff-
ened plate): 
Here âfnm =(l-j?]mn)corm where rjmn is the equivalent modal damping coefficient. In this 
work, damping is included directly in the expressions of the stiffness coefficients (i.e, the solution 
of Eq. (8) is complex and leads directly to comn ). 
For the stiffened panel, the governing equation of motion, accounting for fluid loading, can be 
written as: 





Where FJ , F'y are the transverse shear force in x and y at positions x, and yy. A/' ; M1 are the 
moment per unit length at the /th andy'th stiffener-plate interface. Pmc and P, {/ = 1,2} are the ex-
ternal excitation and fluid loading pressures. S and S represent Dirac operators and its spatial de-
rivative, respectively. 
For composite stiffeners, the coupled equations of motion of the stiffeners in x and y directions 
are given by [16-17]: 
W^4U:-m'0Ù'x+m-xx'pëx =F'X, (11) 
<EI^^y0'x+{GJx)œmpe: + m'o/pÙ'x-(mlPx +m'2)ë'x= M'x, (12) 
(EIy)Lmyu;-miWy+m^Ji =F'y, (13) 
-(EI„XmPV^ + ( ^ L P V + <Kfi'y ~K + < K = Mk > (l4> 
In the above equations U and 6 are the Beam's transversal and torsional displacements, re-
spectively, mo, mp and w^ are the inertia coefficients. The distance from the shear center of the 
stiffeners to the mid-plane of the skin is denoted xp. (£7)COmp, (Gv/)Comp and (£/^ )Comp denote the 
equivalent bending, torsional and warping rigidities, respectively. The damping in the beams is in-
cluded in these coefficients. For beams with "I" and "C" cross-sections, the expressions of the 
equivalent properties are found in the literature [16-17]. However, since no published work was 
found for beams with an omega cross-section, their equivalent properties are developed in this pa-
per in Appendix B. Finally, in order to take the eccentricity between the neutral axis of the stiffen-
ers and the mid-plane of the plate into account, all equivalent properties about the mid-plane of the 
skin are computed. 
Eqs. (10), (11)-(14) are solved by modal expansion of the displacement fields of the plate and 
stiffeners in terms of a simply supported plate's modes shapes: 
W(x,y) = }Z22w™'pAx)<Pn(y)> (15) 
85 
K{x) = 2ZK<Pm{x)> 
m 




y(y) = }2ujn<pn{y)> 
n 
e





Where cpm (x) = sïn(m7tx/Lx ) and <pn (y) = sin {nny/Ly ) . Wmn is the modal coefficient of the 
(m,n)th flexural mode of the skin and U'm, 0'm, U'n , 6'n are the modal coefficients of mth and nth 
flexural and torsional modes of the z'th andy'th stiffener, respectively. 
Using the modal expansion technique, the expression of the modal coefficients of transversal 




















The compatibility conditions at the plate-stiffeners' line junctions are given by: 
U-y(y) = W(x„y), 
at \ dW ( \ 
0Ay)=-^(x„y), 
Wx{x) = W(x,y]), 
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Using the mode shapes orthogonality: 
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0 
if m = n and p = q 
otherwise 
,(26) 
The transverse displacement modal coefficient can be written as: 
^ n - Z F > m ( ^ ) - Z M > ' 4 X J - Z F > « ( x ) - Z W > ' n U ) 
W„= '- '- — ^ • , (27) 





' * mn f mn H 
In the above, light fluid is assumed and cross modal coupling is neglected. For heavy fluid 
loading, the transversal displacement modal coefficient should be computed following the proce-
dure outlined by [3]. It is not reproduced here for the sake of conciseness. However, the effect of 
cross modal coupling will be illustrated in the validation section. 
In equation(27), the termsFnJ, F'm, M'n and M'm are the generalized transverse shear forces 
and moments per unit length at the rth andy'th stiffener-plate interface. Pmn is the generalized ex-
ternal excitation. 
Using Eqs.(22)-(27), and following the same method used by [3], a simple expression of the (m, 
n)th plate bending modal coefficient can be obtained 
pmn - Z Z Z P ^ . - Z Z I X r A V 
w_=-
k I k- r j 
is(à2-co2)Nm 
s \^  mn j m 
(28) 
where p'k,x. and a'kX are complex parameters. 
Note here that the responses of unidirectional and/or unstiffened plates are easily obtained from 
equation (28) by cancelling the terms involving f}'k.Y and a'kl. 
1.1 Vibroacoustic indicators: 
In the following, the expressions of selected vibro-acoustic indicators, used in the validation 
study, are given. 





The space averaged quadratic velocity of the plate (spatial averaging limited to the skin) is 
given by: 
(^W)=~II^(*.>')|W=YlZI»rJ • (30) 
Where S = LxLy is the skin area. 
The modal density can be computed using the input mobility technique [16]: 
1 tf / » ( / ) = , f 4msS<$i(Y)df, 
{A-f2)k f 
(31) 
Where f and f2 are the considered band's lower and higher frequencies limits. ^(Y) denotes 
the real part of the input mobility. 
The radiated power is given by: 
r \ / s* ^ ^ j ^^^ mn mn | mn | ' (32) 
Where p0, c0 are the density and speed of sound. The term cr^n denotes the modal radiation 
efficiency of the skin (radiation from the stiffeners is neglected). In this study, they are calculated 
using Leppington's asymptotic formulas [20]. 
The radiation efficiency of the stiffened plate is obtained using Eq. (30)-(32): 
a 
stiffened plate n» 
p0c0S(v2(co))' 
Finally, for DAF excitation, the transmission loss is given by [3]: 
(33) 
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Where a and p are complex values and the term T2n is given by: 
T2 = X^<» N 
mn c , 2 m 
(35) 
&0 is the acoustic wave number. 
1.2 Modification to Bremner's model 
Bremner [2] has explained the distinct behaviours in terms of wave numbers of a flat ribbed 
plate of width Lx and height Ly stiffened with ribs and frames with spacing Sx and Sy between 
the ribs and frames. As the modal half-wavelength in the x and y directions goes below the Lx and 
Ly dimensions, the plate behaviour shifts from global behaviour, over the plate area (Lx, L ) , to 
periodic behaviour over areas delimited by (Sx, Ly )ÂLX, Sy). Finally, when the modal half-
wavelength goes below the rib and frame spacing Sx and Sy , the modal behaviour is determined 
by the behaviour of a flat uniform subpanel delimited by the ribs and frames (local behaviour). 
Those four conditions represent the four models required when fully describing the modal behav-
iour of a stiffened plate over a large frequency band. When a particular condition is met for peri-
odic modes behaviour, the number of modes should be multiplied by the multiplicity factor p 
.This factor is defined in the following. 
In Bremner's paper [2], the resonance frequencies corresponding to the above four models have 
been provided by Mikulas and McElman [21]. In order to handle laminate stiffened panels, it is 
proposed here to simply use the equivalent properties of the skin and stiffeners derived in appendi-
ces A and B. Thus, the corresponding resonance frequencies are given by: 
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1. km<— and kn <— both x and y ribs smeared over surface (Lx,Ly) with a group of multi-Sx Sy 
plicity pp = 1 
/•global _ / • ( / . , / , ) , V ^ t / c o m p
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2. km >— and kn <— only x ribs smeared over surface (Sx, Ly ) with a group of multiplicity 
S
x Sy 
pp = LX/Sy 
/-periodicjc _ A^LV) . ^ Jf'comp T 4 , _ £ _ (G/,). x /comp 
V 25, , 
(37) 
3. £m <— and kn >— only y ribs smeared over surface (Lx, Sy) with a group of multiplicity 
Sx Sy 
MP = Ly/Sx 
y-penodtc^y _ ALx Sx ) V * y'comp i 4 , ^ 
*/ mn J mn ^ O n r% 
( (G / , )c 
v 2 5 , ; 
tf. (38) 
4. £m >— and kn >— only subpanel skin modes over surface (Sx, Sy) exist with a group of Sx Sy 
multiplicity pp = LyLxISySx 
r*Iocal A$XSV) 
J mn J mn (39) 
f£b) are the (w,«)th laminate composite skin's natural frequency with surface (a x b) 
The modal density is provided by the following expression 
ppXN*obai + ftp2Nvm**-x +pp3NpenodK^ +p.N] local 
n( f) -Hîi- "?2 ^PV...... ^P* 
U-/2) (40) 
Where NTypi! is the number of modes of one particular type (i.e one of the fore type mode) in 
the frequency band [ /J , /J 
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Similarly, the radiation efficiency of periodic laminate stiffened panel can be computed by av-
eraging the modal radiation efficiencies of the periodic sub-panels. 
(/„/.,) (.*„/.,) (/,,.s\) (sr.s,) +
 VP2a + / W 7 '+MPr[ 'J 
irglobal . \jperiodic 1 . wpenodic2 . \rlocal 
rs.,ffenedPla«e / f ) = Vp\G + MpZ* + VplP  pA<T 
\J ) »n>lob , xrpcn i l , »r , »' ' ^ ' 
Where cra' is the laminate composite skin's radiation efficiency with area (axb). 
3. Numerical results and validation: 
Various numerical examples are given to illustrate some of the features of the presented model. 
In the following example, the accuracy of the analytical model based on the modal approach and 
the modified periodic model are examined by comparing various vibro-acoustic indicators, under 
point force and DAF excitations, with FEM/BEM simulations. Composite laminate plates rein-
forced by, evenly or unevenly distributed unidirectional or orthogonal, laminate composite stiffen-
ers with various shapes (I, C and omega sections) are analyzed. The stiffeners inter-spacing and 
eccentricity are also varied. The model's accuracy was also checked by analyzing various compos-
ite constructions. However without loss of generality, the presentation in this paper is limited to 
the example of a 5 lay-up Fiberglass/Epoxy construction and concentrates on the variation of the 
stiffeners cross-section and their spatial distribution. In the case of DAF excitation, the results are 
validated using an in-house code with MSC/NASTRAN [18] for the structural response and 
Rayleigh's integral for the acoustic response (the panel is assumed baffled, fluid structure coupling 
is neglected together with the radiation from stiffeners). Finally, in all the results presented in this 
paper, the maximum number of trial functions (base modes of the simple supported plate) is se-
lected by verification of the solution's convergence. 
1.3 Laminate plate stiffened with I-section composite laminate stiffeners: 
A laminate flat panel reinforced by three unidirectional eccentric laminate stiffeners with I-
cross section (Fig. 2) is investigated in the following. The area of the skin is 0.6x0.6 m2 and it is 
made up of six layers of Fibreglass/Epoxy with different thickness arranged as 
(0.002/0.002/0.00 l/0.003/0.003/0.003m). These mean that the terms 5,^0. The I-section stiffeners 
inter-spacing is Sx=0.15m. They are made up of five layers of fibreglass/Epoxy, 0.0002m thick 
each. The width of their webs and thickness of the flanges are 0.02m and 0.01m, respectively. The 
origin of the (x,y) axes is at the lower left corner of the plate. The point force is located at position 
(0.13m, 0.255m) on the skin. The material physical properties are listed in Table 1 
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Table 1 Properties of the fiber glass/Epoxy material. 
Properties 
Young modulus (Pa) Ex= 5.610 
Ey=\310 
Shear modulus (Pa) Gxy=4.29 
Gxz=4.29 
Gyz=4.29 
Density (Kg/m3) 1900 
Damping 1% 
Fig. 2: Unidirectional composite stiffened plate: (a) complete structure (b) stiffener. 
In the FEM model, both the stiffeners and the skin are modeled as surfaces where 16200 
LAMINATE (CQUAD4) thin shell elements are used. The response is calculated using a modal 
frequency response analysis with 50 structural modes. In the presented model, the modal summa-
tion is computed using 50 trial functions (summation limited to w_max=5 and «_max=10). The 
number of trial functions has been checked for convergence by running the code for higher values 
of mjmax and «max 
A comparison for the input mobility of the laminate stiffened plate is presented in Fig. 3. Excel-
lent agreement is obtained. Both the resonance frequencies and the amplitude at the resonances are 
accurately estimated. 
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100 200 300 400 500 600 700 800 900 1000 
Frequency (Hz) 
Fig. 3 : Comparison between FEM and predicted input mobility. 
Next, the accuracy of the presented model in predicting the response of an unevenly stiffened 
composite laminate plate is examined by considering a laminate flat panel with irregularly and or-
thogonally distributed I-section stiffeners (Fig. 4). 
(a) 
Fig. 4: Bidirectional irregular composite stiffened plate: (a) complete structure and (b) 
stiffener. 
In ^-direction the inter-spacing is 0.2m while it varies from 0.1m to 0.2 m in x-direction. The 
geometrical properties of the skin and stiffeners are the same in the previous example. The point 
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Fig. 5: Comparison between FEM and predicted input mobility. 
In this example, 17400 LAMINATE (CQUAD4) thin shell elements are used in FEM model 
and 100 trial functions in the presented model. The comparison between predicted and FEM re-
sults is presented in Fig. 5. Once again, excellent agreement is observed between predicted results 
and FEM. It's clear that the stiffeners deformation have no effect in all the interested frequency 
rang. However, such effect may increase by increasing the frequency. 
To highlight the stiffeners' inter-spacing irregularity effect, a comparison between predicted 
input mobility of the unevenly stiffened laminate panels and the unstiffened one is presented in 
Fig. 6. No coincidence is observed between the stiffened and the unstiffened plate's modes. This is 
due to the irregular distribution of the stiffeners which affects all the modes of the panels. It is also 
observed that the stiffened panel resonance frequencies shift to higher frequencies. Moreover, the 
number of modes of the stiffened panel is lower than the unstiffened one in the frequency range 
[0-1 KHz]. 
To show the accuracy of the model in predicting the SEA parameters, the modal density and 
radiation efficiency are compared to FEM/BEM results in Fig.7 (a) for the irregular stiffened 
panel. The modal density of the irregular stiffened plate is computed using presented model and 
MSC/NASTRAN software based on the input mobility technique by averaging over three point 
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force positions. The modal density of the unstiffened plate is predicted using VAone software 
[22]. 
It's observed that the modal density is lowered by the stiffeners due to the shifting of the reso-
nant frequencies. This shifting is due to the irregularity distribution of the stiffeners on the skin. At 
high frequencies, the structural waves are not affected by the stiffeners because of their small 
wavelength compared to all the spacing between the stiffeners, therefore, the modal density as-
ymptotes to a constant value given by the unstiffened one (the modes of the stiffeners are not ac-
counted for here). 
The radiation efficiency is computed using Eq. (33). The computation of the radiated power in-
cludes only the diagonal terms of the radiation impedance matrix. Little discrepancies are ob-
served with FEM/BEM results Fig. 7 (b). These discrepancies are related to the modal cross cou-
pling as shown in the following example. 
100 200 300 400 500 600 700 800 900 1000 
Frequency (Hz) 






10* 10 10 
Frequency (Hz) 
a) b) 
Fig. 7: Comparison of the predicted results VS FEM and FEM/BEM: (a) modal density and (b) 
radiation efficiency. 
1.4 Laminate plate stiffened with Chanel section composite laminate stiffeners: 
In the following example, the stiffeners have a C cross-section (Fig. 8: a and b). The geometri-
cal and physical properties of the lamina (skin and stiffeners) are similar to previous examples. 
The stiffeners' webs and the flange widths are respectively 0.02m and 0.01m, with 0.2m spacing 
between the stiffeners. The panel is excited by point force at position (0.09m, 0.24m) measured 
from the origin at the lower left corner of the skin. 
(a) 
Fig. 8:Unidirectional stiffened composite plate: (a) complete structure and (b) stiffener. 
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In the FEM model, both the skin and the stiffeners are modeled using plate elements (CQUAD) 
. 15600 elements are used in this example and modal frequency response analysis is used with 50 
structural modes. In the presented model, the modal summation uses 50 trial functions (summation 
limited to w_max=5 and njnax=\0). Fig. 9 shows a comparison between predicted and FEM re-
sults for the input mobility. Again, excellent agreement is obtained. 
To investigate the orientation effect of the stiffeners, a comparison between predicted transfer 
mobility of an unstiffened panel, unidirectional and bidirectional stiffened panel (Fig 10: a, b and 
c) is presented in Fig. 11. The skin can be subdivided into tree sub-panels in the case of unidirec-
tional stiffened panels and into six sub-panels in the case of bidirectional stiffened panels. 
100 200 300 400 500 600 700 800 900 1000 
Frequency (Hz) 
Fig. 9: Comparison between FEM and predicted input mobility. 
(a) (b) (c) 
Fig. 10: (a) unstiffened plate, (b) unidirectional stiffened plate and (c) bidirectional stiffened plate. 
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Unlike the case of irregularly stiffened plates, overlapping between the response of the unidi-
rectional stiffened panel and the unstiffened one occurs at a particular frequency where the struc-





Unidirectional stiffened plate 
Bidirectional stiffened plate 
100 200 300 400 500 600 700 800 900 1000 
Frequency (Hz) 
Fig. 11: Comparison between predicted input mobility of bidirectional; 
unidirectional and unstiffened panel. 
One particular frequency of interest is the 630Hz where a perfect match between the responses 
of the three panels is observed. At this frequency, the corresponding flexural mode is presented in 
Fig. 12. It's observed that the structural half wave length in both x and y directions are equal to the 
spacing between the stiffeners. This means that all stiffeners are located at nodal locations (i.e. 
nodes of no vibrations) of these modes. Therefore, at this frequency, the stiffeners have no effect 
and the two stiffened panels have the same behaviour as the unstiffened one. 
The comparison of the predicted space average quadratic velocity and radiated power with 
FEM is presented in Fig. 13: a and b. 
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O o 
Fig. 12: Mode shape at frequency 630HZ. 
Excellent agreement is obtained with FEM results when the cross modal terms are included in 
the analysis. However, as mentioned previously, when the cross modal terms are neglected, slight 
discrepancies are observed between the FEM and predicted results for the radiated power at anti-
resonances. 
200 400 600 
FtTX|uency till) 




Fig. 13: Comparison of the predicted results VS FEM and FEM/BEM: 
(a) quadratic velocity and (b) radiated power. 
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1.5 Laminate plate stiffened with omega section composite laminate stiffeners: 
The final example considers a plate reinforced by stiffeners with omega cross-sections (Fig. 14 
: a and b. The geometrical and physical properties of the layers of the skin and stiffeners are simi-
lar to previous examples. The spacing between the stiffeners is equal to 0.2m in both x and y di-
rections. The width of the top web and the flanges is 0.01m and the total bottom width is 0.02m. In 
the FEM model, 16800 LAMINATE (CQuad4) thin shell elements are used. The stiffeners are 
modeled as a group of surfaces. The stiffened plate is excited by point force at position (0.125m, 
0.465m) measured from the origin at the lower left corner. 
A comparison between the predicted results using 100 trial functions and FEM is presented in 
Fig. 15. The prediction using the modal approach is again found to be accurate to predict the re-
sponse of stiffened panels with asymmetrical stiffeners. The results confirm the accuracy of the 
expression presented in Appendix B for the equivalent beam properties with omega cross-sections. 
(b) 
(a) 
Fig. 14: Bidirectional stiffened composite plate: (a) complete structure and (b) stiffener. 
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Fig. 15: Comparison between FEM and predicted input mobility. 
In order to validate the modifications to Brenner's model, the predicted modal density and ra-
diation efficiency using Eqs. (40)-(41) are compared to modal approach and FEM/BEM results 
(Fig. 16). The two indicators are plotted in third octave frequency bands. 
The predicted modal densities using the two models are found to be in excellent agreement with 
FEM results. It's observed here that the modal density is lowered by the stiffeners at some fre-
quency bands due to the stop-band and pass-band characteristics of periodic panels. The increase 
of the modal density at approximately 80 Hz is due to the transition from global to periodic modes. 
At high frequencies, the stiffened panel begins to exhibit periodic-structure behaviour where the 
stiffeners force the modes into groups of unstiffened sub-panels, thus, the modal density converges 
to a constant value. 
The predicted radiation efficiency using the modified Bremner model (periodic model) is also 
found to be in good agreement with the modal approach and FEM/BEM, except in the frequency 
range [300 -900] Hz, certainly due to "discrete" transition from the computation of the radiation 
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Fig. 16: Comparison of the predicted results using modal approach and Periodic model VS and 
FEM: (a) modal density and (b) radiation efficiency. 
Finally the diffuse field transmission loss of the stiffened laminate stiffened panel calculated 
with the proposed model is compared with FEM/BEM (Fig. 17). In both models, radiation from 
the stiffeners is neglected. Good agreement is again obtained between predicted result using modal 
approach and simulation. In particular, the proposed model is able to correctly capture the dynam-
ics of the panel, such as the increase of sound at frequencies 70, 250 Hz and 500 Hz below the 
critical frequency region. By plotting the modes shapes at various frequencies, it is observed that 
the first two dips are associated to the resonant behaviour of the two lower order global modes 
of the stiffened panel (Appendix C: Figure C.l and C.2). However, the third dip (in the 500 Hz 1/3 
octave band), is found to be related to the transition between global modes and periodic modes 
where the structural half wavelength goes below the spacing between the stiffeners (Figure C.3). 
In this frequency band, there is also a local mode, as seen on Figure C.4. The decrease observed on 
the transmission loss in the region between 2KHz to 3KHz is due to both the orthotropic natures of 
the layups and the stiffeners' effect. 
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Frequency (Hz) (1 /3 octave) 
Fig. 17: Comparison of predicted transmission loss with FEM/BEM. 
Finally, note that the little difference observed between the presented model and FEM/BEM be-
tween 1 and 3KH, which may due to the stiffener's cross section deformation and the in plane and 
out of plane displacements coupling effects due to stiffeners eccentricity. These effects are ac-
counted for in FEM model. This highlights the need to account for these factor in the future stu-
dies. 
4. Conclusion 
This paper presented a semi-analytical model employing the modal expansion technique in or-
der to investigate the vibroacoustic behaviours of composite stiffened panels. Both transversal and 
rotational displacement effect was taken into account together with the in plane displacement ef-
fect. The accuracy of the method is demonstrated by comparison with the FEM/BEM calculations 
for both unidirectionally and orthogonally stiffened panels. The tests include regularly and irregu-
larly stiffened panels with various eccentricities and cross-sections (C, I and omega). The equiva-
lent properties of omega stiffeners have been accurately computed. Moreover, a simple periodic 
model, widely used in Statistical Energy Analysis for ribbed metallic panels, was extended to han-
dle composite panels with composite stiffeners. Both the modal and periodic models are found to 
be in excellent agreement with FEM/BEM simulations. The present model still represents an ex-
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cellent tool for quick and accurate parametric studies. The perspective of this study, is to account 
for the in plane coupling and the cross-section deformation of the stiffeners. 
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APPENDIX 
APPENDIX A 
The expressions of the bending moments, the shearing forces, the total mass and the rotational 
inertia in Eq (2) are given by [8]: 
hl2 N hut hll N huk 
M
x = | CTxzdz=2Z ja'xzdz' My= \ °yZdz=YJ \crkyzdz; 
-h!2 *=1 h,k -hll *=l h,k 
h/2
 N Kk A/2 N huk 
^xy= \?xyzàz=Y^\<yz<lr, Qx = j Txzdz = £ j ' rkxzdz; (A.la;lb;lc;ld;le) 
-h/2 * = ' hlk -hll *=l hlk 
hi 2 f/ huk 
Qy- f^=I]'> 
-h/2 *=1 h,k 
h £4 h v-. ^ 
Kk = ~ - z A ; h>k = ~ - 2 > , mi =2ZPk(huk -KY 
*• j=0 *• 7=0 *=1 
, v , v (A.2a;2b;2c;2d;2e) 
" (hlk-hl) * (hlk-K) 
P = LPk-—z—%=XPr—-—-
k=\ J *=1 J 
The expressions of the matrices in eq. (6) are given by: 































































































a!4,pq ~ J'55 
a„ „ = F45 cos(yM) + F44 sin(rOT) 
(A.5) 
"-35.W ' 4 5 — V ' M / ' * 4 4 - " " \ / M / 
A i , w = 4 , c o s 2 ( ^ ) + 24 6 cos( r w ) s in (^) + ^6 6sin2( r w) 
A 2 , w =46Cos 2 (^) + (^12 + ^ 6 ) cos ( r w ) s in (^ ) + 46sin2( /w) 
A4,M=516cos2(xw) + 2/il6cos(rw)sin(rp(?) + 566sin2(rpi?) 
As , w =A.cos 2 (^ ) + (5I2 + 566)cos(rw)sin(rw) + A6sin2(/w) 
A2.w = Ae cos2 (yw) + 2A,6 cos(^w )sin v + A,2 sin2 [r„ ) 
fi24.pq=B]6cos2(rpq) + (Bx2+B^)cos(rpq)sm(rpq) + B22sm2(rpq) 
fi2s,Pq=^cos2(rpq) + 2B26cos(rpq)sm(rp(l) + B22sm2(rixi) 
fi33.„ = F44 sin2 (/„) + F55 cos2 (7pq ) + 2F4S sin(r„ )cos(rw ) 
A4.w=AiCos 2 (^) + 2D16sin(rw)cos(rw) + £)66sin2(rw) 
As,w=A6Cos2( rw) + (D124-£)66)sin(^)cos(^)+Z)26sin2(rw) 
P».„ = A*- cos2 (yw) + 2£>26 sin(rw ) co s (^ ) + Z)22 sin2 (yw ) 
APPENDIX B 
Equivalent properties of the stiffeners with omega cross-section: 
The stiffnesses of any profile can be computed using three sets of coordinate systems (x,y.z) 
(n,s,z) and (o,s) as defined by [16-17] (Fig. B. 1) 
105 
Fig B. 1. Coordinate system 
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Where £°, kx, ky , ksz and ka the axial strain, the biaxial curvatures in the x, y and z directions, 
the warping curvature with respect to the shear center and 
For a symmetrical laminate model and by assuming uncoupled equations for the stiffeners, the 
equivalent properties can be written as: 
V 'comp 22 
(GJ) = 4£, 
V f comp 




For I or C cross-sections, the expressions are given by [16-17] and for an omega cross-section 
(Fig B. 2), the equivalent properties can be computed about the mid-plane of the skin: 
£ 2 2 = $Axxx2 +2Bxxxsin(0) + Dxxsin2 (0)ds 
= Au~ + Axxbkx2k+2Axxb4x24 +(Bux3+Du)b3 
+ (BxxxA + Dxl)bA; 
(B.5) 
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Fig B. 2. Dimension of an omega section 
£44 = JAxxco2-2Bxxcoq + Dxxq2ds 
s 
= Axaxbaya (xa-xp-bj +& 
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12 
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And Q are the transformed reduced stiffness. 
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APPENDIX C 
Modes shapes of the plate reinforced by stiffeners with omega cross-section: 
Figure C. 1: Global mode at frequency Figure C. 2: Global mode at frequency 231.29 Hz 
70.861Hz 
Figure C. 3: Periodic mode at frequency Figure C. 4: Local mode at frequency 633.8 Hz 
508.6 Hz 
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CHAPITRE 5 MODELISATION DES 
STRUCTURES PÉRIODIQUES COMPOSITES 
5.1 Introduction 
Plusieurs travaux ont été menés pour prédire la réponse vibro-acoustique des structures pério-
diques. Les modèles existants négligent généralement l'effet de couplage membrane-flexion. Cette 
hypothèse reste vraie lorsque la structure portante est symétrique et d'épaisseur faible renforcée 
par des raidisseurs non excentriques. Dans le cas des laminés asymétriques, par exemple, où le 
nombre des couches du laminé est paire, ou dans le cas où ces couches ont différentes épaisseurs, 
les coefficients de couplages membrane- flexion plane de la matrice constitutive sont non nuls. 
Ceci résulte en un couplage des équations du mouvement de la structure. 
Dans un autre volet, les raidisseurs sont généralement modélisés comme des forces transversa-
les agissant sur la structure portante au niveau des lignes d'attaches. Dans le cas des structures 
asymétriques et lorsque les raidisseurs sont excentriques, ces derniers agissent à la fois par des 
forces transversales et planes au niveau des lignes d'attaches. 
Dans ce chapitre, l'article intitulé « Transmission loss of ribbed laminate composite panels: 
shear deformation and in-plane interaction effects» soumis au Journal of Acoustical Society of 
America est présenté [39]. Un modèle basé sur la théorie des laminés et le principe de périodicité 
est développé. Une analyse de l'effet de couplage membrane - flexion plane est présentée. La per-
te par transmission des structures symétriques et asymétriques est analysée. L'effet de dimension 
finie est également pris en compte en se basant sur l'approche de l'article présenté en Annexe A et 
dont je suis un des auteurs. 
5.2 Article 
(voir pages suivantes) 
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Transmission loss of ribbed laminate composite panels: 
shear deformation and in-plane interaction effects 
Abderrazak Mejdia), Julien Legaultb), Noureddine Atalla a) 
a) G A US, Department of Mechanical Engineering, Univ. de Sherbrooke, Sherbrooke, Que-
bec, Canada J1K 2R1 
b) Cambridge University Engineering Department, Trumpington Street, Cambridge, CB2 
1PZ, UK 
ABSTRACT 
This paper investigates the transmission loss of symmetric and asymmetric laminate composite 
panels reinforced by composite stiffeners. A comprehensive model based on the space harmonic 
method is developed. First order shear deformation theory is used and the coupling of the in-plane 
motion of the panel with its out-of-plane motion is taken into account. Stiffeners interact with the 
panel through three forces (two in-plane, one out-of-plane) and a torsion moment. Three types of 
cross sections are investigated for the composite stiffeners: I-shaped, C-shaped and Omega-shaped 
cross-sections. The model is validated numerically by comparison with the finite ele-
ment/boundary element method. Experimental validations are also conducted. In both cases, excel-
lent agreement is obtained. Numerical results show that the in-plane coupling effect is increased 
by increasing the panel thickness and the stiffener's eccentricity. The in-plane coupling effect is 
also found to increase with frequency. 
PACS number(s): 43.40 
A. Mejdi, J. Legault, N. Atalla: Transmission loss of laminate composite stiffened panels 
I. INTRODUCTION 
Composite laminate panels reinforced by composite stiffeners are becoming extensively used in 
aerospace and marine constructions. For instance, the fuselages of some recent commercial air-
crafts are made of composite panels reinforced with composite stiffeners. In the past, metallic stif-
fened panels have been widely used and hence, several analytical models have been developed to 
predict their vibro-acoustic response (see for instance Refs1"7). In comparison, less attention has 
Electronic mail: abderrazak.mejdi@usherbrooke.ca (A. Mejdi) 
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been paid to composite stiffened panels, especially when stiffened by composite ribs. In general, 
conventional methods such as the finite element/boundary element method (BEM-FEM) are used 
for their vibro-acoustic analysis. Although accurate, these methods are computationally extensive 
at mid to high frequencies due to the large number of degrees of freedom required to model the 
structural deformation. For simple but still representative geometries, there exist two deterministic 
methods that can be used as an alternative to FEM-BEM techniques: the Rayleigh-Ritz modal-
based approach2"3 for finite panels and the space-harmonic approach4"8 for infinite panels. In the 
majority of published studies, the classical thin panel theory is used in both methods. The latter is 
based on the Kirchhoff-Love kinematic hypothesis which neglects the transverse shear strain. 
Moreover, the in-plane displacements of the panel and their interaction with the stiffeners are also 
usually ignored. This remains acceptable for symmetric thin stiffened panels but when the panel is 
asymmetric and the stiffeners are eccentric about the panel's middle-plane, it is not well known to 
what extent the coupling of its in-plane motion with its bending out-of-plane motion and with the 
in-plane displacements of the stiffeners is negligible. More accurate results can also be obtained by 
using a first-order shear deformation theory10 or other higher order shear deformation theories". 
The first-order shear deformation theory based on Reissner- Mindlin-type assumptions takes the 
transverse shear deformation into account. However, it requires shear correction factors to com-
pensate the errors resulting from the approximation of the shear-strain distribution12"13. 
Unlike un-stiffened laminate composite panels, little work has been published on stiffened 
composite panels. Yin et al13 developed a model based on the Kirchhoff-Love assumption using a 
wave approach and periodicity theory to analyze the acoustic radiation from infinite laminate pa-
nels reinforced by metallic stiffeners. They also assumed that the stiffeners interact with the panel 
only through the out-of-plane motion. Legault and Atalla extended their work on double wall me-
tallic structures with mechanical links8 and double wall composite structures coupled with vibra-
tion insulators9. To the authors' knowledge, there are no published studies on composite laminate 
panels orthogonally reinforced by eccentric composite stiffeners. In contrast, several studies are 
available on the modeling of composite beams. For instance, Lee and Kim16 developed a simple 
and accurate model to analyze dynamic behavior of symmetrically shaped composite beams. They 
also extended their model to asymmetric beams for which the effect of the coupling between flex-
ural and torsional displacements appears17. However, their analysis was limited to thin-walled 
composite beams with I-shaped or C-shaped cross-sections. 
In the present paper, a general analytical model based on the space harmonic technique is de-
veloped to predict the transmission loss of flat composite stiffened panels. The model can be use-
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fui for singly curved aircraft panels since curved panels have the same behavior as an equivalent 
flat panel above the ring frequency which will be low for typical aircraft structures (-200-600 Hz). 
The transverse first order shear deformation theory is used. All possible panel and stiffener forces 
and displacements are accounted for and both symmetric and asymmetric configurations are han-
dled. The model is also able to predict the response to either transversal or in-plane excitations or 
both together. The skin can be a symmetric or asymmetric laminate (the neutral axis of the lamina 
is not located at the geometric middle plane). The stiffeners can be composite laminate construc-
tions with various geometries such as omega-shaped cross-sections .The equivalent properties of 
stiffeners with I-shaped and C-shaped cross-section are already known16"17. For an omega-shaped 
cross-section, equivalent properties are developed by the authors using Hamilton's principle and 
classical lamination theory. Moreover, the effect of the finite size of the panel on the sound it radi-
ates is accounted for by assuming that the panel is baffled and by keeping only the radiation from 
a finite window of the structure. The model is validated numerically by comparison with a finite 
element/boundary element model (FEM/BEM) that uses MSC/Nastran18 for the vibration analysis 
and an in-house code (BEM) for the acoustic radiation. Excellent agreement is found. Due to the 
lack of experimental data on composite panels, an experimental validation is conducted on an air-
craft metallic panel for the model validation. 
II. DERIVATION OF THE MODEL 
The stiffened flat panels considered here have a symmetric or an asymmetric configuration and 
are stiffened with unidirectional or bidirectional laminate stiffeners. Fig 1 shows a schematic of 
the geometry of the problem. The panel is assumed infinite. It is reinforced by laminate composite 
stiffeners along the JC and y directions, respectively. These stiffeners are modeled by beams and are 
periodically distributed on the panel's surface. Their spacing are denoted by Sx and Sy, respec-
tively. They are also assumed to be physically unconnected to each other, to be parallel and to be 
connected to the panel along their full length. Their acoustic radiation is not taken into account. 
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Fig 1 : A schematic of the studied composite stiffened panel 
On the source side, i.e. the side opposite to the stiffeners, the panel is excited by a plane wave 
having an incident acoustic angle 0 (angle about the z-axis). The projection of the wave vector in 
the xy plane makes an angle y with the x-axis (heading angle). Its amplitude is P0 and its 
wavenumber is ko=co/co where c0 is the speed of sound in the air. The incident plane wave writes: 
Pmc = Po ^p(-Jkxx-jkyy-jkzz), (1) 
kx=k0sm(0)cos(r), (2) 
ky=kosm(0)sm(y), (3) 
k. =&ocos(0). (4) 
The time dependence expQ'cot) in Eq.(l) is implicit. In addition to the oblique plane wave Pmc, the 
panel is also excited by two in-plane harmonic loads Paexc and Ptexc that have the same xy depend-
ency as the incident plane wave and the transmitted and reflected acoustic plane waves Ptran and 
PKu respectively. The displacement field in each layer of the panel is written as 5: 
U(x,y,z) = U0(x,y) + zçx(x,y) 
V(x,y,z) = V0(x,y) + z<pY(x,y) (5) 
W(x,y,z) = W0(x,y) 
where U and V are the in-plane displacements in the x and y directions and W is the out-of-plane 
displacement in the z direction. Angles cpx and <py are the rotational displacements in the xz and yz 
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planes about the z axis. The distance z is the point's position along the z axis relative to the layer's 
mid-plane. 
The dynamic equilibrium relations of the stiffened panel are found by integrating the stress 
continuity relation through the thickness of the lamina 8. At their line junction, the panel and each 
stiffener interact through three forces F3,, F1, and Ff, {i=l,2} (in plane and out-of-plane forces) and 
a torsional moment M, {z-1,2}. Here, subscript 1 refers to forces and moments applied by stiffen-
ers along the y axis while subscript 2 refers to forces and moments applied by stiffeners along the 
JC axis. Therefore, the equations of motion of the panel are given by: 
8NX , dNv d2U r d2cpx na C lj=+<X> +
^f - " . ^ - ' . . ^ - C - 2 *&W*(*-^.)-1 ruVP(y-<?,Y dx By ' ôl2 " St P=-
(6) 
ON ON r)2V d2co C±f° «=+" 
' • ^ - " • ^ - ' ^ - ^ - l . KArHx-rS,)-1 Fl,(x)S(y-qSr), 
p=—co </=-<» Ôy Ôx s Ôt2 " Ôt1 




 w p=~aa 
dMv ÔMXV ô2cpv c i r . . , , 
where Nx, Ny, N^, Mx, My and Mx are the panel in plane forces and bending moments, Qx, Qy, are 
the panel shearing forces and ms, L and I:2 are the total mass per unit area and the rotational inertia 
terms. Their expressions are given in Appendix A for completeness. 
For any point on the composite panel, the constitutive matrix relating the forces to the dis-












































































ôU/Ôy + ÔV/Ôx 
ôcpx/ôx 
ôcpjôy 
dcpx/ôx + ôçy/ôy 
ôW/ôx + Ôcpx/ôx 
ôWjôy + ôcpy/Ôy 
(11) 
where the constants Av , BtJ and Dy denote the extensional, bending-extensional and bending stiff-
ness. These constants are function of the mechanical and geometrical properties of the laminate 
layers. The shear stiffness Fl} is computed by taking into account the shear correction coefficients. 
Damping is included in these coefficients through the introduction of a structural loss factor n. The 
equations of motion of the panel can be obtained by introducing Eq.(ll) into Eq.(2) and can be 
solved by assuming a solution in the form of space-harmonics series8: 
Ie)=Y\eP<,V^{-jKPx-JKqy-j^)^ (i2) 
where {ep<i} = {upq,vpg,wpq, cpxpq, cpypq} and where kxp and ky,q are given by: 
Kp=kx+^f- = k„cos{r„), kKq=kv+^- = kpqsm(rpq), (13) 
in which 
*„ =^2X.P+K«> rpti=atan(kyJkxp). (14) 
These series are truncated to a finite but sufficient number of terms p and q to ensure convergence 
at the highest frequency of interest, i.e p = {0,±l,±2,...±/?max} and q - {0,±l,±2,...±i7max}. The total 
number of terms p and q are noted np and nq. Using the periodicity relation and Poisson's sum 
formula, the stiffener forces and moments can also be expanded as a sum of space-harmonics6. 
The formulas are presented here only for Fa\f and FS? but can be easily transposed for other 
forces and moments: 
X ^ ^ ) ^ - p 5 t ) = ^ - X ^ e x p ( - j ^ ^ ) e x p ( - j ^ x ) , (15) 
P " i pi 
2 X W % - ^ ) = } S ^ o exp(-j^)exp(-j^) . (16) 
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The incident, reflected and transmitted pressure fields can be also written in terms of space-
harmonics series8: 
n^c = Poexp(-Ax-jkyy-jk:z) = X P o ^ vw{-JK,px- j\qy- jk.Mz), (17) 
m 
PK( {x,y,z) = Yde„ exp(-)kxpx-}kycly + }k:ptlz), (18) 
m 
M 
where <5oo - 1 and ôpq = 0 forp ^ 0 or q £ 0. The in-plane harmonic loads are given by: 
PL {x,y,z) = £ # . $ „ ^p(-}kx,px-jky^y), (20) 
m 
PL (x,y,z) = /ZPOSP, expH**. ,*" }*y.qy) • (21) 
m 
The wavenumber k:pq is the acoustic wavenumber in air associated with the pqth space harmonics: 
K.Pq=4kl-klP-K.,- (22) 
Writing continuity at fluid-panel interfaces on both sides of the panel yields: 
= (O2p0W(x,y). (23) dP^s 
dz
 .-=o 
Therefore, by replacing Eqs. (17)-(19) into Eqs. (20)-(23) and by using the fact that the space-










- (25) & 
K
--,txi 
Combining Eqs. (12), (15) and (25) and Eqs. (2)-(12), the following system of equations is ob-
tained: 
S{*i[^]-'*«k«]-[^]-«2[^]}{^} = Z{*«}. (26) 
where {bpq} is the periodic loading vector and where the expressions for matrices [A,] and [M\ are 
given in appendix A. Using the orthogonal property of the space-harmonic series, a set of decoup-








In Eq. (27), K,hpq are the panel dynamic stiffness coefficients associated with the pqth space-
harmonics. This equation can be inverted which gives: 
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where the compliance matrix C is the inverse of the dynamic stiffness matrix K. The five 
coupled equations of motions of the stiffeners in the x directions are given by16"17: 
(^iXomp^l" - ^ ) 1 « 2 ^ . = Ex fll' (29) 
(GAz\omv(V"Bi +V~:,m)-m0Xco2(VBl + yplip,BX) = FyBl, (30) 
(GAy )comp (WBX +¥"yBX)-mmco2{WBX+ zpx¥xBX ) = F:BX, (31) 
-(EImx)ampV4ipxBX -(GJX)compy/xBX" -moxco2(zpWBX -ypXVBX)-(mpX + m2X)co2xpxBX = M\BX, 
(32) 
( ^ ) c o m p ^ , -(<H)comp(^S2 + VfJix ) ~ Pi*yl® V„,81 = K.Bl > 
iEI,)mmy:.Bl -{GA:)mmv(VB2 +V;M)-pxIzXco2xp:BX = Ml:BX, 
where the prime sign denotes the spatial derivative. Similarly, in they direction: 
(33) 
(34) 
(EAx)œmpVB2' -m02co2VB2 = FyB2, 
(GAz)œmp (U"B2 + wl,B2)-f"02^2 (UB2 + yp2¥x,H2 ) = Fx.B2 ' 
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(EI„.x\o,vV*V*.B2-{GJ*)eomfV'l.B2 -m02<°2(Zp2WB2 ~ >'P2VB2) ~ i™ P2 + W22 )*>Vt,B2 = M.,«2 ' 
(38) 
(EIy)mmyy_H2 -(GAv)mmp(WB2+y/yB2)-p2Iy2co2<pvB2=MxB2, (39) 
(EIXomy,B2-(GA:\omp{V»2+^,B2)-P2F2o)2V:,B2=M:_B2. (40) 
In Eqs. (29) to (40), p, is the beam density (for i = 1,2), UB„ VB„ and WBl are the beam's in 
plane and transversal displacements in the JC, y and z directions, y/x,Bl, ipy,Bi and y/-B, are the tor-
sional displacements, m0, is the mass per unit length, Iyi and A, are the rotational inertia in the 
x andjy directions, and yp and z^are the stiffener's shear center distance from the section cen-
troid in the y and z directions, respectively. Finally (iL4)comp, (G )^COmp, CE-Ocomp, (GJ)comp and 
(EI)COmp are the equivalent traction, shear, bending, torsional and warping rigidities, respec-
tively. Damping in the beams is included in these coefficients through the introduction of a 
structural loss factor n. For beams with I-shaped and C-shaped cross-sections, the expressions 
of the equivalent properties are found in the literature16"17. The equivalent properties for 
omega-shaped cross-sections are developed in Appendix B. 
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= [K1](« BIS) ,(41) 
where KBI,,J, {ij=l..6} are the beam dynamic stiffness coefficients.. Following Langley and 
Heron15, the forces and moments {Fx, Fy, Fz, Mx, My, Mz} associated with the beam can be linked 













































 2.p0 [M2.P0_ 
exv(-jkxpx) = X[Sp](Q2,po) e xP(~A./> x ) 
(42) 
Where the matrices I S^ and ( Q 2 0 ) are given in the Appendix C. zc andyc are the shear 











-IP", 'p,B\ exp(-jkxpx), (43) 
Equating Eq. (43) and Eq. (42) gives the following relation for each/?: 
!VaiHK1p]"K](Q2,,.o)> (44) 
where 
[eP,Bl) = [UPt VPt WPt W^jn Vy£i V:%] • (45) 
The beam dynamic stiffness coefficients in matrix K l _ corresponding to/rth harmonic are giv-
en in Appendix C. 











exp(-jkxpx) = X [ S P ] ? (eP,B\} exP(-Jk*,Px). (46) 
which leads to 







{SPJ 'P,B\ (47) 
where T denote the matrix transpose. Combining Eqs. (28), (44) and (47) yields: 
2Z{}[VPqHSp][Kh]~l^^ n lA » s> 
(48) 
where the matrices and vectors C l ^ , C2„„ j , (Q .
 Q ) and (T, oo) a r e given in Appen-
dix C. 
Eq. (48) can be simplified as: 
A (Q^+X B pq Q, 1,0<7/-\*1,00/' (49) 
with 




1 r C 2 P , 1 










[C3M]+[S,J[K2,]- '[S,]UF } = ^  [C4„]. 
P Sv 
and where the matrices I C$Pq I , C 4 ^ , K2„ /S \ and (T2 oo) a r e g'ven in Appendix 
C. 
Together, Eqs. (49) and (51 ) form a system of 4np+4nq equations where the unknowns are the 
forces and moments (Q,
 ft ) , ( Q 2 Q) . Once this system has been solved numerically, the pqth 
transversal displacement wpq can then be obtained from Eq. (28) : 
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"pq = C^F* + C32,„I* + CiXn2P0 + cnpq (-F/0JSX - F/p0/Sy ) 
+ C3lpq(-F°0JSx-Fip0/Sy) + Ci2,pq(-F2apJSi-F^ 
(52) 
The transmission coefficient of the infinite ribbed panel can finally be computed using the follow-





|2 • (53) 
m {coic) 
Guigou-Carter and Villot 20 studied sound transmission through buildings partitions with stif-
fening in one direction. In the case of orthogonally stiffened panel, one can show that for the win-






|i°0| COS<9 [pq J 
where <rM is the finite radiation efficiency associated with the pqth space-harmonic wave. In order 
to avoid an extensive computational process, the formulation proposed by Drhazi and Atalla21 to 
compute the radiation efficiency a^ is used. The transmission coefficient is then integrated over 
the acoustic incident angle 9 and acoustic heading angle cp to calculate diffuse field transmission 
coefficient r^/of the panel8: 
2ll 3 , m It ^im 
J j rf (0, cp) sin 0 cos 0d0 dep J j rf (0, cp) sin 0 cos 0d0 dep 
J \sin0cos0d0d<p \s\n0cos0d0 0 0 0 
22 In Eq.55, f?i,m = 90° for diffuse incidence and f?i,m = 78° for field . The transmission loss (TL) can 
be computed using the following formula: 
T L ^ - l O l o g , , , ^ ) , (56) 
It should be noted that the presented model can be easily used for a general mechanical excitation 
such as a transversal point force. The key is to replace the coefficient 2PQ in Eqs. (27) to (51) with 
unity so that the coefficients H»W correspond to the response coefficients for a propagating wave-
field with arbitrary wavenumber (kx,ky) instead of an acoustic plane wave. Mace's method4'5 can 
then be applied to find the wavenumber spectrum of the out-of-plane displacement in the wave-
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number domain and that spectrum can be used to find the radiated power by the infinite or the 
windowed partition. 
III. NUMERICAL RESULTS AND VALIDATION 
In this section, the transmission loss of symmetric, asymmetric (the neutral axis of the lamina is 
not located at the geometric middle plane) and non-equilibrate (lamina with different layup thick-
nesses) stiffened panels excited by an acoustic diffuse field is studied numerically. Various nu-
merical examples are given to illustrate some of the features of the presented model. In the follow-
ing examples, the accuracy of the presented model is assessed by comparison with FEM/BEM 
simulations. Composite laminate panels reinforced by laminate composite stiffeners with various 
section shapes (C and Q) are analyzed. The I-shaped cross section case which is not presented in 
this section for the sake of conciseness, leads to the same conclusions. The stiffener spacing and 
eccentricity are varied. The accuracy of the model is also checked by analyzing various composite 
constructions. However, without loss of generality, the examples in this paper are limited to lami-
nates made of Fiberglass/Epoxy layers. As mentioned in the introduction, the results are validated 
using an in-house code coupling MSC/NASTRAN18 for the structural response and the Rayleigh 
integral for the acoustic radiation (the panel is assumed baffled and fluid loading is neglected to-
gether with the radiation from the stiffeners). Finally, in all the results presented in the paper, the 
maximum number of space harmonics is selected by verification of the solution convergence 
based on Mace's4"5 criteria. 
A. Laminate panel stiffened with Omega-shaped composite laminate stiffeners 
In this section, a non-equilibrate laminate flat panel reinforced by orthogonal eccentric laminate 
stiffeners with omega-cross section (see Fig. 3) is investigated. The area of the panel is 0.6x0.6 m2 
and it is made from five layers of Fibreglass/Epoxy whose Young's modulus in the x and y direc-
tions are Ex = 56 GPa and Ey = 13 GPa. The panel's in-plane and out of plane shear modulus are 
G^=4.2GPa, G*_-= 4.2GPa and Gr_ = 4.2 GPa. The density is 1900 kg/m3. The panel's layup thick-
ness are arranged as: 0.4/ 0.3/ 0.6/ 0.2/ 0.5 mm. The spacing between the stiffeners is set to 0.15 m 
in both directions. The length of the top flange and the webs is 0.01 m and the total bottom flange 
width is 0.02 m The stiffeners are made from five layers having each a 2 10"4 m thickness. For the 
FEM model, 18000 CQUAD4 elements are used (PCOMP property in NASTRAN). Moreover, the 
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stiffeners are modeled as a group of surface type elements (CQUAD4) rather than beam elements 
(usually used to model metallic stiffeners). 
Neutral plane Omega stiffener 
U H y y \ y y UU u u 
r—JBjBZ-j r — J B _ | ^ r -TBJKrj j r ~ ^ 1 ^ ^ 3 
Skin Mid plane 
Fig 2: Non-equilibrate stiffened panel 
Fig 3 shows a comparison of the predicted transmission loss with FEM/BEM results. The 
transmission loss of both windowed and infinite panel assumptions is presented. The convergence 
of the solution is achieved using pmax= 10 and qmax= 10. The transmission coefficient is computed 
for 450 frequencies linearly spaced between 100 and 9000Hz and is averaged in 1/6 octave bands. 
The predicted results agree well with FEM/BEM results for the windowed ribbed panel, especially 
above 350Hz. Below that frequency, the modes are not well reproduced with the periodic model 
due to the importance of the boundary condition effects. Indeed, the first structural modes are 
widely affected by the edge boundary conditions when the bending wavelength is large (i.e greater 
than the stiffeners' interspacing). At high frequencies, i.e. when the bending wavelength becomes 
small, the modes will be less affected by the boundary conditions. Moreover, a decrease of about 
5dB is observed below the critical frequency for both stiffened and unstiffened panels when the 
size effect is not taken into account. At low frequencies, the additional mass provided by the stiff-
eners increases the transmission loss of the ribbed panel in comparison with the un-stiffened one. 
It is also observed that since the panel is non-equilibrated and attached to eccentric stiffeners, the 
coincidence frequency band becomes very broad. Indeed, the fact that the skin's lamina has differ-
ent thicknesses generates non-zero extensional-bending coupling terms (i.e. B,/fiQ in Eq.(l 1). This 
will increase the in-plane coupling effect when the frequency increases and thus, from Eq. (52) -
(53) , it is clear that the transversal displacement and the transmission coefficient are widely af-
fected by in-plane forces. 
In Fig 3, it is also seen that the presence of the stiffeners decreases the transmission loss in the 
region just below the critical frequency. When looking at equation (53), it can be observed that the 
acoustic wave number h^ associated with the pqth space-harmonic depend on the wave numbers 
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kxp and kvp which indicates that additional wave components at low or med frequencies may be-
come acoustically fast and radiate sound. Thus the transmission loss will be decreased below the 
critical frequency (i.e. acoustic coincidence for an unstiffened panel) which is well captured by 
both models. An alternative explanation is that the radiation efficiency of the subpanels delimited 
by the stiffeners is larger in comparison to that of the un-stiffened panel which decreases the TL, 
especially in the range just below the critical frequency region. 
102 103 10* 
Frequency (Hz) 
Fig 3: Comparison of predicted transmission loss and FEM/BEM results for non-equilibrate lami-
nate panel reinforced by stiffeners with omega-shaped cross section 
In the next example, an asymmetric panel is considered (see Fig. 4). The laminate panel is 
made from six layers having each a 2 10"4 m thickness. The neutral plane is located at the middle 
of the fourth layer. The stiffeners properties and interspacing are similar to the previous example. 







C j B Hg~~~» f â j i •Cal \ aaaaM »aaaa3 Lââ» [ L ^ r-~JHJ|Lj 
¥• 
Mid plane 
Fig 4: Asymmetric stiffened panel 
In Fig 5 the predicted transmission loss of the stiffened panel from Fig. 4 with and without the 
in-plane coupling is plotted. The curve without in plane-coupling was obtained by considering that 
the skin interact with the stiffeners only through the transversal and torsional displacements Pre-







- Windowed ribbed panel (with in-plane coupling effect) 
- Infinite nbbcd panel (with in-plane coupling effect) 
• Windowed bare panel 




• Windowed ribbed panel ( without in-plane coupling effet) 
- Infinite ribbed panel (without m-planc coupling effect) 
• Windowed bare pane) 
- Infinite bare panel 
10 
Frequent} (Hz) 
Fig 5: Comparison between predicted Transmissions Loss and FEM/BEM results for asymmetric 
laminate stiffened panel reinforced by stiffeners with omega cross section. 
First, it is seen that the results obtained when the in-plane coupling is considered are closer to 
the FEM/BEM results. In the studied frequency band, the average error is about 0.072 dB when 
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the in-plane coupling is considered while it is about 0.081 dB when it is ignored. However, the 
case without in-plane coupling shows more oscillations. For instance, the maximum error with 
FEM-BEM results is observed at 9050 Hz. This error is 6.2dB when the in-plane coupling effect is 
ignored in comparison to 3.2 dB when it is accounted for, which means that the in-plane forces ef-
fect increases as frequency increases. This highlights the importance of in-plane interaction forces 
and the stiffeners deformation effect in predicting the transmission loss at high frequencies. Still, 
one can argue from a practical view point that the effect of in-plane is negligible (an average error 
of less than 1 dB and a maximal error of 3 dB), thus corroborating the validity of this classically 
used assumption. 
B. Laminate panel stiffened with C-shaped cross section composite laminate stiffeners 
In this example, a symmetric laminate flat panel reinforced by eccentric laminate stiffeners 
with a C-shaped cross section (Fig 6) is investigated. The area of the panel is 0.6x1 m2 and it is 
made from five layers of Fibreglass/Epoxy having each a thickness of 0.4 mm. The stiffener inter-
spacings are 5^=0.12m and Sy =0.25 m. These stiffeners are made from five layers of Fibre-
glass/Epoxy having a thickness of 0.2 mm. The stiffener web and flange widths are 0.02 m and 
0.01m, respectively. In this case, the convergence of the solution is achieved using pmax=l0, 
<2W=10. 
Fig 6: Panel reinforced by eccentric laminate stiffeners with a C-shaped cross section 
Fig 7 shows the predicted transmission for the stiffened panel with and without in plane cou-
pling effects against FEM/BEM results. The transmission loss of both the infinite and the win-
dowed panels are presented. The TL of the un-stiffened case is also plotted. Clearly, the use of the 
spatial windowing increases the transmission loss and very good agreement is obtained with 
FEM/BEM results. However, in this example, not much difference is observed between the TL 
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with and without the in-plane coupling effect: the average error with the FEM-BEM result when 
the in-plane coupling effect is considered is about 0.089 dB in comparison to 0.094 dB when the 
latter is ignored. The maximum error is observed at 6400 which is about 5.74 dB when in-plane 
coupling effect is ignored compared to 2.5 dB when it is accounted for. One can also observe here 
that the in-plane coupling effect is more important at high frequencies. However, because of the 
symmetric nature of the panel the overall error is lower than with asymmetric panels. This is be-
cause the bending-extensional By stiffness is equal to zero in Eq. (11) and therefore, the in-plane 
reactions F3 and F in Eq. (52) will have less influence in comparison to the transversal force F* 
and the torsional moment M since only the beam will couple the in-plane motion to the out-of-
plane motion. As explained in previous example, a decrease in the transmission loss is also ob-




Windowed nbbed panel ( without in-plane coupling effet) ' 
Infinite nbbed panel (without in-plane coupling effet) 
Infinite bare panel 
Infinite bare panel 
10 
Frequency (Hz) 
Fig 7: Comparison between predicted Transmissions Loss and FEM/BEM results for symmetric 
orthogonal composite panel reinforced by stiffeners with C-shaped cross section 
Finally, it is worth noting that the computational time to predict TL using the code using a dual-
CPU Intel Xeon X5560 quad-core computer, 2.8GHz of RAM in this example and the following 
examples is less than 15 min. On the other hand, the modal extraction using MSC/NASTRAN and 
the acoustic prediction based on Rayleigh integral using the same computer took more than three 
hours. 
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C. Experimental configuration 
Since no published experimental data on composite structures were available to validate the 
proposed approach, a test on a metallic panel is presented instead. This allows the experimental 
validation of the proposed methodology when applied to metallic panels (Fig 8). The experimental 
measurements presented here were carried out at the Université de Sherbrooke (UdeS). The panel 
was also fabricated at UdeS. It consists of a bidirectional stiffened panel reinforced by three stif-
feners with C-shaped cross sections along the x axis and six stiffeners with Z-shaped cross sections 
along the y axis. The panel is made of Aluminum (E = 70 x 109 Nm"2, p = 2700 kgm"3 and v = 
0.33), is 2 mm thick and has a surface S = 1.022x1.53m2. The stiffeners are also made in alumi-
num and are connected to the panel with aluminum bolts spaced at 25.4 mm The inter-spacings are 
Sx = 0.143 m and Sy = 0.324 m, respectively. There area of their cross section is Ax,= 1.13x 10"4 and 
/*_>,•= 1.638lxlO"4 while the eccentricities about the panel mid plane are ezz.x= 3.8 10"3m and e~.y 
=7.7475 10"3m, respectively. The structural damping loss factor of the panel and the stiffeners is 
set to 1%. In the test, the panel edges were sandwiched between two decoupled flat bars using a neo-
prene seal. The boundary conditions are somehow closer to clamping. 
Fig 8: Bidirectional stiffened panel with C and Z stiffeners cross section 
In Fig 9-a and b, experimental results are compared with FEM/BEM results, with a modal-
based model (see Mejdi and Atalla") and with the periodic model where the windowing, the shear 
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Fig 9: Comparison between predicted Transmission Loss and experimental results for bidirectional 
metallic stiffened panel (a): experimental/FEM-BEM (stiffeners modeled as beam) / Periodic 
model; (b): Experimental/ FEM-BEM (Stiffeners modeled as surfaces) /Modal model/ Periodic 
model 
In order to highlight the stiffeners cross-section deformation effects, the latter is modeled either 
as beam or as group of surfaces with FEM model in Fig 9-a and Fig 9-b, respectively. It is found 
that these effects are important at low frequencies (below 700 Hz 1/6 octave band). Indeed, the 
transmission loss is well reproduced by FEM model when compared with experimental results if 
the stiffeners are model as group of surfaces. However, at high frequencies, not much difference is 
observed. Also, the modal model is more accurate then periodic model to predict the transmission 
loss at low frequencies. This is due to the fact that, the latter accounts for the reflected wave 
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field generated at the boundaries by assuming that the panel is simply supported. However, the 
periodic model cannot reproduce the resonant response because the reflected wave field at the 
boundaries is not taken into account. The presented periodic model agrees well with FEM/BEM 
and modal model results, especially above 300Hz where the structural wavelength became com-
pared to the spacing between the stiffeners. Besides, it is able to predict the dips captured by 
FEM/BEM and modal model. 
This example illustrates the superiority of FEM/BEM and modal model compared with the pe-
riodic model in estimating the details of the response at low frequencies. However, the periodic 
model is more computationally efficient compared with both the modal and the FEM/BEM mod-
els. 
IV. CONCLUSION 
In this paper, a model based on the space harmonic method was developed to predict the trans-
mission loss of composite panels stiffened by composite ribs. Shear deformation and in-plane/out-
of-plane motion coupling were both taken into account. The presented model is also able to predict 
the acoustic response of both symmetric and asymmetric stiffened laminate panels. Only acoustic 
excitation (plane wave and diffuse acoustic field) was considered even though the model would 
also be able to take into account other types of excitations such as mechanical excitation (point 
force) or turbulent boundary layer excitation. Various configurations were studied numerically and 
compared with FEM-BEM results. An experimental validation was also presented. Good agree-
ment is found with experimental results especially at frequencies range where the structural wave 
length becomes lower than the stiffeners interspacing. Beside FEM/BEM model the proposed 
model remain the first analytical model able to account for the asymmetry of the panel. It was 
found that the symmetry of the skin, its layup thickness and the stiffener eccentricity are the im-
portant parameters that can increase or decrease the effects of the in-plane interaction between the 
skin and the panel. In-plane coupling effect was also found to increase with frequency. However, 
this effect was found marginal. Rather, the effect of correcting for the finite size of the panel was 
found more important. 
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Appendix A 
The expressions of the bending moments, the shear forces, the total mass and the rotational in-
ertia in Eq (2) are given by 8: 
A/2 N ht* h>2
 ;V Kk h/2 N \ t 
Mx = J crxzdz= 2Z ]c7kxzdz; My = j" ayzdz= £ \ayzdz; M^ = j vxyzdz= £ jf <z<&; 
-A/2 *=' K -A/2 * = 1 A, to -A/2 
4=1
 *» 
A/2 /V n«k 
Qx = J r ,^= X j r > ; (2, = J r,dz= £ R<fe 
-A/2 *=1 h,k 
h/2 A/ *«* 




4-1*,; * 4-2*,". -2X*--».); /. -ZK^T1-'» - Z f t ^ 1 
7=0 y=0 3 " £ f " 3 
(A.2a;2b;2c;2d;2e) 
The expressions of the matrices in Eq. (6) are given by: 
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0 0 m( 0 0 
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<*34.w = E5i cos(ïpq ) + F45 sin {ïpq ) 
«35, pq = 4^5 cos(rw ) + Fw sin(xw) 
A . . w = ^ . c o s 2 ( r w ) + 2>416cos(rw)sin(rw) + A6sin 2 ( / w ) 
A2, w =46Cos 2 ( r w ) + (42 + A6)cos(xM)sin(/w) + 4 6 s i n 2 ( r w ) 
^4 , M = ^6COs 2 ( r M ) + 25 I 5cos(rw)s in(xw) + 566sin2(xw) 
A 5 , w = A 1 c o s 2 ( r w ) + ( 5 1 2 + 5 6 6 ) c o s ( ^ ) s i n ( ^ ) + 5 6 6sin 2( /w) 
A2 .„ = 4 * cos2 ( r w ) + 2A26 cos ( ^ ) sin v + A22 sin2 (y^ ) (A.5) 
A 4 , w = 5 1 6 c o s 2 ( ^ ) + (512 + 5 6 6 ) c o s ( / w ) s i n ( ^ ) + 5 2 2 s i n 2 ( ^ ) 
P2s.pq = *« cos2 ( / w ) + 2526 cos ( r w ) s in ( / w ) + 522 sin2 (y^) 
&xpq=E44 sin2 (rpq) + F55 cos2 (y pq) + 2F45sm(ypq)cos(ypil) 
p44.pq = E>ucos2(ypq) + 2DX6sm(ypij)cos(ypil) + D66sm2(yp(l) 
Pts.pq = A6cos2 (y„) + (Dx2+ D66)sin(ypq)cos(ypq) + D26sin2 (ypil) 
Pss.pq = AÔ cos2 (ypq) + 2D26 sin(ypq)cos(ylxl) + D22 sin2 (rpq) 
Appendix B 
Equivalent properties of the stiffeners with omega cross-section 
The stiffnesses of any profile can be computed using three sets of coordinate systems (x,y.z) 
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Fig 1. B. Coordinate system 
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For a symmetrical laminate model and by assuming uncoupled equations for the stiffeners, the 
equivalent properties can be written as: 
{El\omp=E22 (B.2) 




= EA (B.4) 
For I-shaped or C-shaped cross-sections, the expressions are given by16"17 while for an omega-



































Fig 2. B. Dimension of an omega section 
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E22 = JAllx2 +2BUxsin(0) + Dllsin2 (0)ds 
= AX^ + AX xbkx2k + 2Aub4x; +(Bxxx3 +Dxx)b} 
+ (Bxxx4 + Dxx)b4; 
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Ess = JA \ds = A A + 2 A A > k = 1 2 , 3 
where: 
s 
and the coefficients Qtj are the transformed reduced stiffness. 
Appendix C 
The terms of the stiffness matrix in Eq 41 are given by: 
KP,\ i = (EAX)œmp (kxp f - m02co2, 
KP,22 = (GA2)comp (kxp ) - moxco2, 
Kp,26=(GA2)comp(kxp) , 
K 
P.24 = - ^ o i « yP\ 
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kp,ss = (EIy)comp (kx,pf -(GAy)CQmp-pxIyXco2 
">,53 = JiGAy)C(mvkxp 
kp,«> = (Elz)«,„,„ (kxp ) - (GAZ)comp - pxIzXco2 
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The matrices in Eq. (48) are given by: 
[C1«> 
Q: 
C C C 
^U.pq 12,/*/ ^13,/x/ 
c c c 
^21, /x/ ^ 2 2 , / * / ^ 2 3 , / * / C C C 
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The matrices [ C 3 ^ J , [ C 4 p g J , [ K 2 ^ J (Sq} and (T2 > 0 0] in Eq. (49) are given by: 
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C, n./*/ 
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CHAPITRE 6 CONCLUSION ET PERSPECTIVES 
L'objectif global de ce projet était de développer des méthodologies rapides et précises pour 
prédire les réponses dynamiques et acoustiques des structures complexes. On s'est intéressé tout 
particulièrement au problème spécifique de la transmission du bruit d'origine aérodynamique, 
acoustique et mécanique à travers des structures raidies en matériaux métalliques et composites 
laminés. De point de vue pratique, cette configuration représente la transmission du bruit à 
l'intérieur des cabines d'avions à travers leur fuselage externe. Ce dernier est constitué d'une 
structure métallique ou composite renforcé par des raidisseurs (lisses et cadres). Le bruit est généré 
soit par des forces mécaniques produites par la vibration des moteurs, des ondes acoustiques ou 
bien par la couche limite turbulente autour du fuselage lors des différentes phases de vols de 
l'appareil. 
6.1 Synthèse des approches développées 
Plusieurs approches ont été développées pour répondre aux objectifs de cette thèse. Ces appro-
ches peuvent être divisées en : (i) approche pour prédire la réponse dynamique et acoustique des 
structures finies et infinies à une excitation aléatoire (ii) approche pour déterminer la réponse vi-
bro-acoustique des structures raidies bidirectionnelles, munies de raidisseurs excentriques et irré-
guliers (iii) approche pour déterminer la réponse vibro-acoustique des structures raidies ayant une 
structure portante et raidisseurs en composites laminés et (iv) approches qui tiennent compte de 
l'effet de couplage des déplacements membrane-flexion ainsi que de l'effet de taille de la structu-
re. 
Le premier chapitre a permis tout d'abord de comparer les modèles existants de la couche limi-
te turbulente et d'analyser le comportement vibro-acoustique des structures finies et infinies sous 
l'effet de cette excitation. Cette étude a aussi permis d'éclaircir le phénomène d'interaction de la 
structure avec une excitation de type TBL. Aussi l'approche SEA utilisée dans ce travail, s'avère 
assez efficace en terme de précision dans la prédiction des réponses dynamiques et acoustiques de 
la structure couplée à une cavité. 
Dans un premier article, présenté au chapitre 3, un modèle semi-analytique pour prédire la ré-
ponse vibro-acoustique des structures raidies bidirectionnelles métallique a été développé. Ce mo-
dèle est basé sur une approche modale. Cette approche a permis de prédire efficacement et rapi-
dement la réponse dynamique et acoustique des structures raidies, tout en tenant compte des com-
plexités entourant la structure et l'excitation. Les effets d'irrégularité d'espacement, d'excentricité 
141 
142 CONCLUSION ET PERSPECTIVES 
et de couplage des raidisseurs orthogonaux ont été pris en compte. Généralement, l'effet de 
l'inertie rotationnelle de la structure portante ainsi que l'effet de couplage intermodal sont ignorés 
dans la prédiction de la réponse vibro-acoustique des structures raidies. Dans ce travail, ces deux 
facteurs ont été pris en compte. Le modèle basé sur l'approche modale s'est avéré supérieur par 
rapport aux méthodes publiées. 
Dans un deuxième article, présenté au quatrième chapitre, une extension du premier modèle a 
été proposée dans le but d'analyser les structures en composites laminées renforcées par des rai-
disseurs eux-mêmes en matériaux composites laminés et de formes complexes. Les laminés symé-
triques et non-symétriques sont considérés. La structure portante a été décrite en se basant sur la 
théorie des laminés avec déformation par cisaillement en considérant les hypothèses de Mindlin. 
Les raidisseurs sont modélisés en se basant sur le principe de Hamilton et la théorie classique des 
laminées. Tous d'abord, un modèle a été développé et validé avec les méthodes des éléments finis 
et éléments finis de frontières. Ensuite les paramètres de la SEA ont été calculés à partir du modèle 
développé en se basant sur l'approche d'un modèle périodique existant généralement utilisé dans 
le contexte de la SEA. Ceci permet l'application de la SEA pour ce genre de structures (structures 
et raidisseurs en composites). À notre connaissance, ceci est une première. Qui plus est, les études 
paramétriques conduites ont permis de clarifier le comportement vibro-acoustique des structures 
raides en composites lorsqu'elles sont soumises à différents types d'excitations. Les modèles déve-
loppés constituent des outils simples et rapides pour des analyses paramétriques des structures rai-
dies en composites, malgré qu'ils soient limités à des structures planes et simplement appuyées. 
Pour améliorer davantage la prédiction de la réponse vibro-acoustique des structures raidies en 
composites laminés, un modèle périodique a été développé dans le troisième article présenté au 
cinquième chapitre. Ce modèle a mis l'accent sur l'effet de couplage entre les déplacements plans 
et transverses (inplane and out of planes coupling) de la structure. En effet, il a été observé que les 
propriétés géométriques de la structure portante (structures asymétriques, structures non équili-
brées) peuvent générer un tel couplage. Ce couplage est souvent ignoré et seules les méthodes dé-
terministes telles que les éléments finis sont capables de le considérer aisément. Toutefois, le 
temps de calcul des ces méthodes les rendent inappropriés en particulier pour des études paramé-
triques sur des structures de large dimension. Le modèle développé au troisième article, forme une 
solution précise et rapide, permettant de prédire la réponse des structures périodiques de dimen-
sion finie et infinie. Il est à noter ici, que l'effet de dimension finie a été pris en compte en se ba-
sant sur le travail présenté dans l'article présenté en Annexe A de ce mémoire. 
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À la lumière de ces réalisations, il est possible d'affirmer que l'objectif principal de notre projet 
est atteint. 
6.2 Contributions originales 
Les contributions originales de ce travail sont : 
• Le développement d'un modèle général permettant de prédire la réponse des structures métal-
liques qui sont renforcées par des raidisseurs qui peuvent être irrégulièrement espacés, excen-
triques et orthogonaux. 
• L'analyse des caractéristiques de la TBL et de la réponse vibro-acoustique des structures infi-
nies à une couche limite turbulente, ce qui a permis de déterminer les spécificités des structu-
res infinies par rapport au cas où la structure présente des conditions aux limites. 
• Le développement d'une approche simple, rapide et efficace pour la prédiction de la réponse 
vibro-acoustique des structures en composites laminés renforcées par des raidisseurs de même 
construction. 
• La détermination des paramètres clefs de la SEA pour une structure en composites laminés 
renforcée par des raidisseurs de formes complexes laminées composites. 
• La prise en compte des effets de couplage des déplacements plans et transversaux produits par 
l'effet de non-symétrie de la structure portante et l'excentricité des raidisseurs. 
• La prise en compte de l'effet de dimension finie pour les structures périodiques. 
6.3 Les principaux résultats 
Il a été constaté que : 
• La différence dans les réponses vibro-acoustiques des structures planes calculées par les modè-
les de la TBL est due essentiellement à la différence entre leurs autospectres 
• Les fortes réponses vibratoires sont contrôlées par des ondes qui se propagent à une vitesse 
égale à celle de l'écoulement dans les deux cas des structures finies et infinies 
• L'ajout des conditions aux limites fait que les fortes réponses vibratoires sont contrôlées par 
des modes spécifiques qui se propagent dans les deux directions parallèle et transversale à cel-
le de l'écoulement contrairement au cas des structures infinies où les fortes vibrations sont 
contrôlées par des ondes qui se propagent dans la direction de l'écoulement uniquement. 
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• Pour les cas des structures raidies bidirectionnelles, les effets de couplage entre les raidisseurs 
orthogonaux et l'inertie rotationnelle de la structure portante doivent être pris en compte pour 
modéliser ce genre des structures 
• La transition entre les modes globaux et locaux des structures raidies bidirectionnelles aug-
mente la transmission sonore à la fréquence de transition. 
• Le couplage intermodal a un effet négligeable dans la réponse vibro-acoustique des structures 
raidies dans un fluide léger. 
• Les réponses dynamiques d'une structure raidie et non raidie coïncident à la fréquence où la 
longueur d'onde structurale devient égale à l'espacement entre les raidisseurs. 
• Il n'existe pas de coïncidence dans les réponses dynamiques d'une structure raidie et non rai-
die lorsque l'espacement entre les raidisseurs de cette dernière est irrégulier. 
• L'effet de couplage membrane-flexion doit être pris en compte pour mieux modéliser les struc-
tures périodiques laminées en composites asymétriques et non équilibrés. 
• Les raidisseurs doivent être modélisés par des forces planes et transversales dans les cas où 
l'excitation est à la fois plane et transversale et dans le cas où les raidisseurs sont excentriques. 
6.4 Travaux futurs 
La présente étude ouvre une fenêtre vers plusieurs travaux futurs complémentaires. La première 
de ces ouvertures est d'intégrer le calcul des excitations par couche limite turbulente dans le modè-
le périodique. 
La deuxième concerne l'extension de ce travail au cas des structures raidies courbes. Bien que 
le présent travail présente bien le comportement de ce genre de structures, il reste restreint à des 
structures cylindriques de rayon de courbure assez élevé et de propriétés mécaniques spécifiques. 
En effet, il est connu qu'au dessus de la fréquence d'anneau, le comportement des structures cy-
lindriques devient équivalent à une structure plane de même dimension. Toutefois, la réponse des 
structures cylindriques raidies en matériaux composites reste mal connue au-dessous de cette fré-
quence. La valeur de cette fréquence est inversement promotionnelle au rayon de courbure et il est 
proportionnel aux propriétés mécaniques du matériau (rigidité de membrane). L'importance de la 
courbure augmente avec la valeur de cette fréquence. Il est connu que, l'effet de la courbure aug-
mente la densité modale autour de la fréquence d'anneau et que ceci se manifestera par un fort 
rayonnement acoustique au voisinage de cette fréquence. L'effet des raidisseurs sera plutôt 
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d'augmenter la raideur de la structure, donc de réduire la valeur de la fréquence d'anneau, ce qui 
veut dire qu'il y aurait un fort rayonnement à faible fréquence. 
Un autre phénomène, encore mal connu, est que les modèles de la TBL sont développés en se 
basant sur des structures planes. L'application de ces modèles pour des structures de formes cylin-
driques munies des raidisseurs bidirectionnelles reste encore un travail à faire. L'effet de pressuri-
sation interne qui a pour influence d'augmenter la raideur de la structure doit aussi être pris en 
compte. 
Une autre ouverture offerte par ce travail est la prise en compte du traitement acoustique. Il sera 
intéressant d'analyser l'effet du traitement acoustique sur la réponse vibro-acoustique des structu-
res raidies soumise à des excitations aérienne et solidienne. Ceci peut se faire, par exemple, en in-
tégrant le modèle du chapitre 5 dans le cadre d'une méthodologie basée sur la méthode des matri-
ces de transfert [44]. 
Finalement, tel que mentionné au troisième article, l'effet de déformation des raidisseurs, pré-
sente aussi un autre travail à faire. L'investigation de l'effet de ces déformations répondra peut-
être à certaines questions posées lors de l'analyse du comportement des structures raidies. 

ANNEXE A EFFET DE DIMENSION FINIE SUR 
LA RÉPONSE VIBRO-ACOUSTIQUE DES 
STRUCTURES RAIDIES 
A.l Introduction 
Dans cet article, l'effet de dimensions finies sur la réponse vibro-acoustique des structures pé-
riodiques est analysé pour différents types d'excitations (DAF, TBL, excitation mécanique). Le 
modèle développé est comparé avec la méthode de Rayleigh-Ritz qui fait l'hypothèse d'appui 
simple pour les conditions aux limites. Le modèle est aussi comparé à la méthode des éléments fi-
nis. 
L'article présenté dans cette annexe est intitulé "Vibro-acoustic response of orthogonally stif-
fened panels under deterministic and random loadings: the effects of finite dimensions" est Soumis 
au Journal of Sound and Vibration [40]. Notre contribution dans cet article concerne essentielle-
ment la vérification du modèle développé et sa validation par comparaison avec la méthode des 
éléments finis. 
A.2 Article 
(Voir pages suivantes) 
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A B S T R A C T 
This paper investigates the effects of finite dimensions on the vibro-acoustic response of orthogo-
nally stiffened panels. Three types of excitations are considered: acoustical excitation, point force 
excitation and random excitation by a turbulent boundary layer. In each case, a spatially windowed 
periodic model is compared with a Rayleigh-Ritz model where the modes of the un-stiffened panel 
are used as the basis functions. The latter model accounts for the reflected wave field generated at 
the boundaries by assuming that the panel is simply supported. On the contrary, the windowed pe-
riodic model only accounts for finiteness on sound radiation (the assumption of an infinite periodic 
structure is used to calculate the panel response). Numerical studies show that when the bending 
wavelength becomes comparable or smaller than the stiffener spacing, the periodic model is able 
to reproduce the results obtained with the Rayleigh-Ritz model. To complement the study, the de-
veloped models are compared with numerical simulations (finite element method) and with expe-
rimental results. 
1. Introduction 
Many engineering structures like aircraft fuselages or ship hulls consist of a thin shell orthogonally 
stiffened by a set of stringers and frames. Quite often, a second panel is attached to the frames to 
form a double wall partition (e.g. aircraft sidewalls). Due to their practical importance, such struc-
tures have received considerable attention in the literature [1-23]. While a few authors studied the 
response of panels with irregular stiffening (see Cooper and Crighton [5] for instance), most of 
them assumed periodic stiffening to facilitate the analysis. This is also the case in this paper. When 
the partition is infinite as well as periodic, it has been shown that the displacement field of the 
panel consists of space-harmonics series [6-11]. To calculate the panel's vibro-acoustic response, 
these series are truncated to a finite but sufficient number of terms to ensure convergence. That 
number depends upon the nature of the structure and is, in general, relatively small at frequencies 
of interest, i.e. less than fifty for frequencies below 10 kHz [6-11], [17-23]. Therefore, the size of 
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the systems of equations associated with these models is also small. This remains true even for 
thin panels like aluminum aircraft skins (~1 mm thick) whereas with a finite element / boundary 
element model (FEM-BEM model), the analysis will be computationally intensive because of the 
high number of degrees of freedom required at mid and high frequencies. 
Yet, even if a low computational cost makes the space-harmonic method appealing, the latter has 
obvious limitations. First, real constructions are never perfectly periodic because even in high pre-
cision applications such as aerospace, a small amount of uncertainty will always be present in the 
manufacturing process. To deal with this uncertainty and relax the effects of periodicity, the vibro-
acoustic scalar quantity of interest (mean square velocity, radiated power) can be band averaged to 
smooth the peaks and dips in the response caused by the characteristic pass-band/stop-band beha-
viour of periodic structures. Relative success was obtained in Ref. [23] using this strategy: the fre-
quency averaged response of the perfectly periodic configuration matched well with the experi-
ment. Still, there exists no formal proof that this frequency averaged response is a suitable approx-
imation for the statistical mean response of the ensemble of structures deviating slightly from the 
periodic configuration (ergodic hypothesis). In addition, small perturbations can affect the re-
sponse of periodic structures significantly by means of localization effects (see Hodges and 
Woodhouse [24]). Therefore, prudence remains necessary at this stage even though localization is 
less likely to manifest itself in 2D than in ID for common structures [24]. 
Another major drawback of the space-harmonic method is the fact that real structures are not in-
finite. For real life structures having a large number of bays, this might not be problematic but for 
structures tested in laboratories having a low number of bays (typically less than five along each 
axis), finite dimensions will play a more important role. To account for this feature rigorously, one 
has to consider the reflected wave field generated by boundaries in addition to the effects of finite-
ness on the sound radiated by the panel. The computation of the reflected wave field requires a 
precise knowledge of the elastic conditions existing at those boundaries which is difficult to de-
termine in practice, especially when the structure is installed in a baffle for a transmission loss 
(TL) test. A common simplification is to assume that the panel is rectangular and simply sup-
ported. Its transverse displacement can then be described with Fourier series representing the un-
stiffened panel modes (sine functions) and the dynamics of the system are solved by taking advan-
tage of the orthogonal properties of the series (Rayleigh-Ritz method). This technique has been 
used by many authors [12-15] because it is fit and efficient when the panel is not too large and not 
too thin (less than 3 m for a typical 3 mm thick panel), i.e. when the number of terms necessary for 
the sine expansion series is low (less than a hundred along each axis). Unfortunately, real struc-
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tures are often thinner and the method is not adequate in all situations. To overcome this difficulty, 
an interesting alternative is to calculate the displacement field of the infinite panel and then to ap-
ply an artificial rectangular baffling window that allows only a finite part of the structure to ra-
diate. In other words, this means accounting only for the effects of finiteness on sound radiation. 
Such a strategy was first proposed by Villot et al. in the case of bare panels [25]. At low frequen-
cies, i.e. when the resonant behaviour of the lower order modes of the structure dominates, this 
approach is, obviously, not well suited, because the resonant response cannot be reproduced if the 
reflected wave field at the boundaries is not taken into account. However, as frequency increases 
and the TL curve shifts from this resonant regime to the non-resonant mass-law regime, good 
agreement is obtained with experiments and FEM-BEM simulations [25-28]. This is because the 
change in the radiation efficiency caused by the finite dimensions is well captured by the spatial 
windowing. 
Following Villot et al.'s idea, the objective of this study is to investigate the impacts of finite di-
mensions on the vibro-acoustic response of orthogonally stiffened panels by combining a variant 
of the spatial windowing technique with the space-harmonics method and by comparing this en-
hanced model with a Rayleigh-Ritz modal-based approach. What motivates the work is that for 
ribbed panels, the impacts of finite dimensions are not (quantitatively) well known in comparison 
to bare panels (see Fahy and Gardonio [29, ch. 5.4] or Takahashi [30] for bare panels). Hence, it is 
not well known to what extent infinite models can be used to deal with finite stiffened structures 
containing a low number of bays. Existing literature generally mentions that the finite dimensions 
will have a lesser impact for ribbed panels than for bare panels (see appendix 4 of Ref. [31] for in-
stance). However, providing explicit numerical results to illustrate this statement is what the 
present research aims at. 
In the study, three types of excitations that can be found in practice are considered: acoustical 
excitation (sound transmission), point force excitation and random excitation by a turbulent boun-
dary layer. Attention is focused on flat configurations to simplify the problem. However, it should 
be noted that curvature plays an important role in the vicinity and below the ring frequency of 
curved panels. For an aircraft fuselage with a radius of 2 m, this will be below 400 Hz. The paper 
begins with the derivation of the periodic (section 2) and Rayleigh-Ritz models (section 3). The 
fourth section contains the numerical study where results obtained with the two models are com-
pared together and against FEM-BEM results and the periodic sub-system formulation proposed 
by Cotoni et al. [31]. Comparison is also made with a transmission loss experiment. For point 
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force and turbulent boundary layer excitations, comparisons are made with FEM-BEM simulations 
and with a simplified one-bay model, respectively. Finally, a conclusion synthesising the main 
findings of the study terminates the paper. 
2. Periodic model 
2.1 Acoustical excitation (sound transmission) 
2.1.1 Problem statement 
Consider the infinite orthogonally stiffened panel shown in Fig. 1. The frames are located at JC = 
{0,±LX,±2LX,±3LX,...} and the stringers aty= {0,±Ly,±2Ly,±3Ly,...}. Air is present on both sides of 
the structure and the associated density and speed of sound are noted po and Co, respectively. On 
the source side, the structure is impinged by a plane pressure wave Pmc. The wave has an ampli-
tude P0 and a wavenumber ko (-COICQ). It makes an angle 9 with the z axis (acoustic incident angle) 
and its projection in the xy plane makes an angle cp with the x axis (acoustic heading angle): 
Pmc=poexp(-)kxX-}kyy-'}k!:z), (1) 
where kx = kosmOcoscp, ky = kosmdsxncp and k: = £0cos#. The trace wavenumber k, is defined as: 
*, =V**+*'=*oSin0. (2) 
The time dependence factor expQcot) was omitted in Eq. (1) and will henceforth be considered im-
plicit. On the source side, a reflected pressure wave PKf is created and on the receiver side, a pres-
sure wave Ptr is transmitted. 
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Fig. 18: Infinite periodically stiffened panel impinged by a plane wave 
2.1.2 Infinite bare panel 
When the frames and the stringers are absent, the spatial dependence of the panel's out-of-plane 
displacement W(x,y) takes the form of the excitation, i.e. W(x,y) = Woexç(-]kxx-]kyy), and a stan-
dard procedure like the transfer matrix method [32] can be used to determine the oblique transmis-
sibility rjj),<p) of the infinite partition. The latter is defined as the ratio of the radiated power in the 
far field over the incident power. The diffuse field transmissibility T</,OO is then obtained by averag-
ing the oblique transmissibility over the acoustic incident angle 6 and acoustic heading angle cp 
[29, p. 293]: 
2lt ^m> !t_^m 
J xT^tCp^sinOzosOdOdcp J \Tm(Q,(p)sm0cos0dOdq> 
TJ,x — 0 0 
0 0 
2*3,„ 
j J s\nd cos 0dud<p 





The diffuse field transmission loss (TL) is easily obtained as TL = 101ogio(l/r</ao). In Eq. (3), 0|,m = 
90° for diffuse incidence and 9\m = 78° for field incidence [29, p. 294]. To account for the effects 
of finite dimensions on sound radiation (but not for the reflected waves generated at the bounda-
ries), Villot et al. [25] proposed to apply a spatial rectangular baffle to the infinite panel (the dis-
153 
placement is artificially set to zero outside the baffled area). The Fourier transform is then per-
formed on this windowed spatial field and the radiated power is calculated numerically from the 
filtered spectral field in the wavenumber domain. In the case of oblique sound transmission, the 
outcome is that the oblique transmissibility of the infinite bare partition xjj3,cp) is multiplied by a 
correction factor to obtain the oblique transmissibility of the windowed partition xf(9,cp) [25-28]. If 
the rectangular window extends from x = -A/2 to A/2 and from y = -BI2 to 5/2 this yields 
rf(0,(P) = a/(kl,<p,A,B)cos9Tr(9,<P), (4) 
where a/ is the finite radiation efficiency and where cosf7 is the inverse of the infinite panel radia-
tion efficiency. The radiation efficiency af depends on the trace wavenumber kt, on the acoustic 
heading angle cp and on the dimensions A and B. It is given by the following double integral in the 
wavenumber domain [25]: 
/, , „ \ S V f l - c o s ^ c o s ^ - ^ c o s ^ ) l-cos((krsmz-k,sm(p)B) u 
of{kl,cp,A,B)=—j - j — 1 —-• r-LL==dxa^r, (5) 
^ o o [(krcosx-k,cos<p)A'] [ (^sin^-^sin^fi] Jtf -k) 
where S (-AB) is the window surface. When the panel is isotropic and the dimensions A and B are 
not too different (aspect ratios lower than two), Vigran showed that this double integral could be 
simplified to a one-dimensional integral by disregarding the heading angle dependence cp [33]. 
Nonetheless, an alternative way to calculate the finite radiation efficiency Of in Eq. (4) is to make 
use of the Rayleigh integral in the spatial domain for the power radiated by the windowed partition 
n rad/[29,Ch.3]: 





where R=[(x - x')~ + (y -y')~] and where * denotes the complex conjugate. Using the definition 
of the radiation efficiency, Eq. (6) leads to: 
n^f(9,cp) = ^ p0c0cu2S\W0f-cjf{k,,cp,A,B), (1) 
where 
A/2 8/2 4/2 8/2 
af(k„cp,A,B) = m 
Ali y i 41 ni l u n\ 
A . f f f l~d ;«.«-- ~'\ :.. t.. .JW^PK-M 
2nS 
J \ \ jexp(-skx{x-x')-jky{y-y')) m™ ] dy'dx'dydx 
-A/2-H/2-A/2-H/2 
•(8) 
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Recently, Rhazi and Atalla showed that the 4D integral in Eq. (8) could be reduced to the follow-
ing 1D numerical integral with no assumption over the panel aspect ratio [28]: 
k B *'r r af(k<><p) = -T- )-:{FR{¥^X) + FR(y/,a2) + FR{y/,a^) + FR(\(/,a4))dy/ , (9) 
o 
where r = AIB. Expressions for FR and the a,s in Eq. (9) are given in Ref. [28]. Although Eq. (9) 
differs from Eq. (5), it leads to the same results but with a faster computation time - approximately 
ten times faster on average - because the integral is only one-dimensional. 
2.1.3 Infinite ribbed panel 
The case with stiffening is now considered. Beams are used to model both the frames and the 
stringers (the deformation of their cross-sections is neglected). Their influence on acoustics is also 
disregarded (they do not radiate sound or scatter the acoustic field). The fact that they are posi-
tioned eccentrically about the panel's middle plane will couple the in-plane motion of the panel to 
its bending out-of-plane motion. This feature has been studied by several authors (see Refs. [2]-
[34-37]) and it has been shown that under certain conditions - the panel must be thin in compari-
son to the wavelength and the beams must be light and not too closely spaced - the coupling can be 
neglected. This means that the stiffeners and the panel only need to interact through the bending 
out-of-plane motion to reproduce the physic correctly. Moreover, Mead and Yaman [16] have re-
ported that this approximation has even less impact on the forced response. Bearing in mind these 
results and knowing that the above-mentioned conditions are generally met for common thin stif-
fened panels, the approximation is thus retained in the present study. However, when the stiffen-
ers' cross-section properties are calculated, their eccentric positioning about the panel's middle 
plane is taken into account by using Donaldson's formulation for skin-stringer constructions [4]. 
Finally, it should be noted that even though the stiffeners are portrayed with rectangular cross-
sections in Fig. 1, the periodic model can handle beams with asymmetric cross-sections. 
Under harmonic plane wave excitation (see Eq. (1)) and with the assumptions made above, the 




where kxf = kx + 2pn/Lx and kvq = ky + 2qn/Ly. As mentioned in the introduction, these series are 
truncated to a finite but sufficient number of terms p and q to ensure convergence at the highest 
frequency of interest, i.e p = {0,±l,±2,...,±/>max} and q = {0,±l,±2,...,±<7max}. The total number of 
terms p and q are noted np and nq. Using spatial Fourier transforms, Mace studied this problem and 
obtained a reduced set of np + nq equations where the unknowns are the harmonic amplitudes of 
the transverse forces exerted on the panels by the stiffeners [10] (see also Efimtsov and Lazarev 
[38]). Once known, these forces are used to calculate each individual space-harmonic amplitude 
Upq and the radiated power on the receiver side of the panel can be computed. Mead [11] revisited 
the problem to account for the torsion moment exerted by the beams but in contrast with Mace, he 
used a virtual work approach and obtained a set of np x nq equations. Both methods are equivalent 
when the torsion effects are neglected in Mead's model but the latter is more time consuming than 
Mace's since the size of the obtained system is higher by at least an order of magnitude. 
In this paper, an extended version of Mace's and Mead's models is derived. The derivation is 
presented concisely in appendix A since the methodology for the space-harmonic method has been 
thoroughly exposed in previous papers [10-11], [17-23]. The main difference with Mace's and 
Mead's models is that a general dynamic stiffness formulation is used for the panel and therefore, 
the model can deal with composite, sandwich or orthotropic panels as well as metallic panels even 
though an isotropic metallic panel is considered in this study. Internal pressurization effects on the 
receiver side are also included. Finally, the formulation accounts for the torsion of the frames and 
the stringers and the size of the system is reduced to a set of 2np + 2nq equations where the un-
knowns are the transverse displacements and the torsion angles of the stiffeners. From these dis-
placements and angles, one can go back to the stiffener forces and moments and then calculate the 
space-harmonic amplitudes ww. The algebraic manipulations that are needed to build this system 
are a bit cumbersome but the gains in terms of computational efficiency make their implementa-
tion worthwhile. Once the amplitudes u^ in Eq. (10) are known, calculating the oblique transmis-
sibility tao(9,(p) of the infinite partition is straightforward [10-11]: 
r f/?^ " " " " ( ^ Pl^1 \Trr I» I2 _ P^W y o j k0 1|„ I2 (U) 
il
mc\y^9) \P0\ COS 0 pq \P0\ COS 0 pq {kz.pq) 
where a^^ is the infinite radiation efficiency associated with the pqth space-harmonic wave and 
where k:pq is given by Eq. (A.50). 
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2.1.4 Windowed ribbed panel 
In Réf. [40], Guigou-Carter and Villot studied sound transmission through buildings partitions 
with stiffening in one direction. To account for the effects of finite dimensions, they applied the 
spatial windowing technique outlined in section 2.1.2. However, the way the windowing strategy 
was adapted to the stiffened panel case was not described explicitly. The present section describes 
a computationally efficient windowing methodology for stiffened panels. 
Because the displacement field of the orthogonally stiffened panel does not have the simple time 
and spatial dependence of the excitation (see Eq. (1)), but rather the form of Eq. (10), a new defini-
tion for the oblique transmissibility of the windowed partition is necessary. This means that the 
windowing strategy cannot be reduced to a simple formula as in the case of bare panels (see Eq. (4 
)). First, the Rayleigh integral is re-written with the displacement field of the orthogonally stif-
fened panel by inserting Eq. (10) into Eq. (6). This gives: 
n"™,., (0, <p)=- p0c0«>2s • X Z ° W « , W ' ( l2) 
pq p'q' 
where 
A/2 8/2 A/2 8/2 
% * = » &> f f f f~™/ :i, „ :/, . . , : / , -».:*. .,\
 e X P ( ~ W J J j " J exp(-j*r„*-]kyqy+jkxp,x' +]ky4y') ^ { ™ > dy'dx'dydx 
InS , , , 
-A/2-B/2-A/2-H/2 
.(13) 
Therefore, the oblique transmissibility of the finite partition is given by: 
<a ^ ^ - / ( M PICW W • ixA^ 
Tf(0,<p)= ( , =—2 "• LZSHMW*/ ' (14> pq PI 
|2„ 
where njlic designates the incident power (njnc = 0.55]P0| cos9/p0co). From Eq. (12), one can see 
that self space-harmonic (p= p' and q = q') and cross space-harmonic (pîp' or q £ q') terms both 
contribute to the total radiated power. For the self terms, the simplified integral proposed by Rhazi 
and Atalla [28] can be used to compute the radiation efficiency o ^ by replacing kx and ky in Eq. 
(9) with kxp and kyM. For the cross terms, the variable changes proposed in Ref. [28] can also be 
used to reduce the 4D integral to a numerical 2D integral. However, these mathematical develop-
ments are not carried out in this paper because they involve cumbersome and lengthy algebra. Be-
sides, it is known that in the presence of a light fluid such as air, the relative contribution of the 
cross-modal terms in the Rayleigh-Ritz model will be negligible except in the vicinity of the anti-
resonances [12]-[30] and hence, it is reasonable to assume that this will also be the case for the 
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cross-space harmonic contribution, even if the expression for the cross space-harmonic radiation 
efficiency differs slightly from that of the cross-modal radiation efficiency. Moreover, when per-
forming the frequency average of the radiated power, the global impact of the small errors at anti-
resonances will be even smaller because they will be averaged out by the resonance peaks present 
in the vicinity of the anti-resonances. Therefore, the contribution of the cross terms is neglected in 
Eq. (14) and in section 4.2.1, it will be shown numerically that this hypothesis is valid. It should 
also be noted that when the dimensions A and B tend towards infinity, the cross-terms automatical-
ly vanish and only self terms remain (see Eq. (11)). 
Regarding the numerical implementation of Eq. (14), a remark must be made. Since the radiation 
efficiency a/xs a relatively smooth function of the trace wavenumber k, and a very smooth function 
of the heading angle cp [25]-[28]-[33], a fast way to implement the windowing efficiently is to pre-
build a 2D matrix containing the radiation efficiency o/for duets (k,,<p). This matrix has to be built 
for sufficiently high trace wavenumbers knowing that p and q will go up to /?max and qmax_ and for 
angles cp ranging between 0 and n/2 (the radiation efficiency is symmetric along kx and ky). Then, 
instead of computing 07 for each pair space harmonic wave, one can interpolate within that matrix. 
This method becomes advantageous when a diffuse field average is performed since the radiation 
efficiency matrix is built only once before the computation of t/ for each angle of incidence. In 
fact, it has been found that with this method, the time required to calculate the finite diffuse field 
transmissibility is, on average, only greater by a factor varying between one and two in compari-
son to the time used to calculate the infinite diffuse field transmissibility. 
2.2 Point force excitation 
2.2.1 Infinite ribbed panel 
When a general time-harmonic mechanical excitation Pexc(x,y) is applied to the panel, finding its 
response and the power it radiates involves a slightly extended procedure. First, consider the fol-
lowing Fourier transform pair linking the spatial response of the infinite panel in the physical do-
main to its spectral equivalent in the wavenumber domain: 
Wr(kx,kv)= jjiVr(x,y)exp(}kxx + ikyy)dxdy, (15) 
-Kr> +T> 
K{x,y)=-^ j \fV^kx,kv)exp(-jkxx-ikyy)dxdy, (16) 
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where kx and ky are arbitrary wavenumbers. Mace has shown that the spectral response of the 




Physically, Eq. (17) indicates that the (kx,ky) component of the response is induced by the (kxp,kyq) 
components in the excitation. This is the consistent with Eq. (10) where the (kxky) component of 
the excitation induce the (kxp,kyiq) components in the response. The coefficients upq(kx,ky) in Eq. 
(17) correspond to the space-harmonic amplitudes when the structure is excited by a unitary con-
vected harmonic pressure with wavenumber components kx and ky, i.e. when Pexc(xy>) = exp(-j£*x-
)kyy). Therefore, since this convected harmonic pressure is a general mechanical pressure and not 
an acoustical pressure wave, the procedure described in section 2.1.3 can still be used to calculate 
these coefficients but the term 2P0 in Eqs. (A.48) to (A.64) must be replaced by unity. According 
to Eq. (17), if a point force Fexc excites the panel at JC = xexc and y = yexc, i.e. Pexc(x,y) = FexcÔ(x-
Xexc)à(y-yexc), the spectral displacement field will be given by: 
&4k*>kyhF~Eu»(k>'ky)e*P(ik'.'x~ + 'iky<y-*)- (18) 
With the knowledge of the displacement field, the power radiated by the infinite panel in the far 




^ J r WW dkA>=^ \wAw\ k'dk<d^ 09) 
- K - » - 0 0 
where kx = ktcos(<p) and ky~ k, sin(ç>) and where Z» is the radiation impedance of the infinite panel: 
_
 ri—i—2 ~ r~2—i ' ^ * 
•y^o ~'Cx ~*y v^o — */ 
Since subsonic spectral components (k, > ko) do not radiate sound in the far field (the real part of 
Z„o is null when k, > ky), the domain of integration in Eq. (19) can be reduced to the circle of radius 
ko. Moreover, integration only needs to be performed on a quarter of that circle because the square 
modulus of the spectral response will be symmetric along kx and ky when the panel is isotropic (in-
tegration can be limited between 0 and n for a composite panel). Hence, Eq. (19) becomes: 
159 
n^--^YjWk,*,^^Y\M^W, ,2,) 
0 0 V^> I o o 
where k, = kos'imj). On the other hand, if one is interested in finding the response of the panel in 
the physical space, a numerical inverse Fourier has to be performed using Eq. (16) and the know-
ledge of the spectral response for trace wavenumbers lying outside the circle of radius ko is needed. 
For a plate ribbed in one direction, Mace reported that this Fourier transform can be cumbersome 
because of the pass-band/stop-band nature of periodic structures [10]. To overcome this difficulty, 
Maxit [42] proposed a series of criteria to avoid leakage and aliasing related to the sampling of the 
continuous spectral field. A criterion is defined for each subsystem, i.e. the panel, the stiffeners 
and the fluid, and the most restrictive criterion is then applied to the whole system. This approach 
leads to a highly detailed sampling of the spectral response and therefore, the calculation of the 
coefficients um must be very fast for each pair (kx,ky). In the case of a panel stiffened in one direc-
tion, only a ID space-harmonic expansion is necessary and the calculation of the coefficients up is 
analytically tractable [8]-[42] (and thus very fast). When the structure is 2D periodic, the calcula-
tion of the coefficients um is still fast but much less than in the ID case because a set of np + nq 
equations has to be built and solved for each pair (kx,ky). Therefore, numerical integration is likely 
to become time consuming as frequency increases. 
To reduce the computational effort, it becomes interesting at this point to make use of adaptive 
integration algorithms that will refine the sampling of the spectral response around irregular re-
gions. However, it is not necessary to use a two-dimensional adaptive scheme because the heading 
dependence cp of the spectral response is, generally, smooth enough to allow the use of a regular 
integration scheme. This is not the case along k, where strong peaks can make the integrand highly 
erratic. Hence, in this study, the numerical integrals in the wavenumber domain are performed us-
ing a recursive adaptive Simpson scheme along kt and a regular Gaussian scheme along cp. 
2.2.2 Windowed ribbed panel 
If the panel is excited by a point force instead of a plane pressure wave, the spatial windowing 
technique can be applied by convoluting the spectral response of the infinite panel with the wave-
number transform of the spatial window in order to obtain the filtered panel response [25]. This 
filtered response can then be injected into Eq. (19) to compute the power radiated by the win-
dowed structure. Another possibility is to calculate the displacement of the panel by doing a nu-
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merical inverse Fourier transform for coordinates (x,y) lying inside the spatial window (Eq. (16)). 
The obtained displacement field can then be inserted into Eq. (6) to compute the radiated power. 
Yet, with both windowing strategies described above, the computational cost will be relatively 
high because two successive numerical integrals must be performed. To overcome this difficulty, a 
possible alternative is to replace the radiation impedance Z» of the infinite panel with the radiation 
impedance Zf of the finite size panel into Eq. (19) [27-28]: 
2 T /2 co f ? r / 2 ao 
rw =^r \lw^{zf\ktdk,d^^f- {J^IVA^, (22) 
0 0 0 0 
where Of is computed using Eq. (9). In Eq. (22), the domain of integration covers the whole wave-
number space because contrary to the infinite radiation impedance, the real part of the finite radia-
tion impedance is not zero for subsonic spectral components. Still, in practice, the integral along k, 
in Eq. (22) only needs to be performed up to a maximal trace wavenumber k,max (the spectral re-
sponse will be negligible above a certain value of kt). Such a limit can also be applied for the cal-
culation of the inverse Fourier transform in Eq. (16). To determine a suitable value for £,,max, the 
idea of Maxit [42] which consists in applying the most restrictive criterion of each subsystem to 
the whole structure is retained. Therefore, £,max is chosen as k,,max = 
22'max{Ko,«/)>panel,«/>,stnnger^ 6,frame^ tor,stnnger»*tor,fram} where «6,panel> */>,stnnger and «/..frame are the bending 
wavenumbers of the panel and the stiffeners, respectively, and £tor,stnnger and Ator.frame are the torsion 
wavenumbers of the stiffeners. Most often, the highest limit for kmax will be set by the panel bend-
ing wavelength kbpme\. The variable Q is a margin coefficient equal or bigger than one to make 
sure the integral has converged. In the numerical study, a value of unity was found to be sufficient 
forg. 
2.3 Random excitation by a turbulent boundary layer 
Even though acoustical pressure waves or mechanical point forces are excitations of practical im-
portance they are not always prevalent. In fact, in the case of aircraft sidewalls, measurements by 
Boeing [43]-[44] have shown that during cruse, the pressure fluctuations of the turbulent boundary 
layer (TBL) dominate the response and the sound radiated by the fuselage. Hence, many authors 
have investigated the vibro-acoustic behaviour of elastic panels under this type of excitation. As 
reported by Maury et al. [45-46], most studies assumed that the skin could be separated into an ar-
ray of simply supported panel whose dimensions correspond to the distance between the frames 
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and the stringers. Using a Rayleigh-Ritz modal-based approach, Liu [15] and Mejdi and Atalla 
[12] have revisited the problem by considering the response of a TBL excited finite panel stiffened 
by frames and stringers. Following this idea, this section shows how the space-harmonics ap-
proach developed previously can be used to evaluate the response and the radiation of an infinite 
(or spatially windowed) orthogonally stiffened panel under random excitation. The proposed ex-
pressions suppose that the excitation is stationary and homogeneous in time and space. 
To simplify the notation, let the spatial vector variable x represent a point (xy) on the panel sur-
face and let the wave vector variable k represent a pair (kx,ky) in the wavenumber domain. When 
the panel is excited by the random pressure field created by the TBL, the spatial correlation func-
tion of the panel response SW(x,x') is given by [45]: 
^ ( x , x ' ) = — _ J frra(x;k)5 /^(k,«))r;(x';k)d2k, (23) 
where S/>exc/>exc(k;cû) represents the wavenumber-frequency power spectrum density of the blocked 
parietal pressure of the TBL and where rm(x;k) represents the space varying Green function of the 
system when the excitation scales on the contribution of the wave vector k. In other words, 
r„,(x;k) corresponds to the spatial response of the structure to. a convected unitary harmonic pres-
sure with wavenumbers (kx,ky). In the present case, ro)(x;k) is given by: 
r
M(x;k) = 2X(**'*,) exp(-j^x-j^), (24) 
pq 
where the coefficients Upq(kx,ky) correspond to the space-harmonic amplitudes when the structure is 
excited by a unitary convected harmonic pressure (see Eq. (17)). Eq. (23) is the 2D equivalent of 
the formula obtained by Mead and Pujara [7] for a ID periodic structure (Eq. (24) of Ref. [7] con-
siders the case when x = x'). For the spectral density of the radiated power on the receiver side, an 
analytical expression can also be derived [45]: 
I n J I n -oD-o J 
where Q represents the spatial domain of the panel and where Ttt(x;k) is the transfer function be-
tween the radiated pressure on the receiver side at point x and the excitation when the latter scales 
on the contribution of the wavevector k. Ftr(x;k) is simply the Rayleigh integral: 
r
.M)-««'jFt*Mr.(rt)tf. (26) 
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In Eq. (26), Q corresponds to the area delimited by the spatial window. Substituting Eqs. (24) and 
(26) into Eq. (25), rearranging the order of integration and dividing by the panel surface S, the fol-
lowing expression is obtained for the spectral density of the radiated power per unit area: 
2 +CO+QO 
"-/ H =£^-\ HI?» (k) V (k)<Vv m_,_ (Md2k, (27) 
-<o^o pq p'<t' 
where the circumflex sign above nrad/ designates per unit area and where Opyfq' is the radiation ef-
ficiency associated to the contribution of the pqp'q'th term (see Eq. (13)). In Eq. (27), the cross 
space-harmonic terms can be neglected (see section 2.1.4) and the self space-harmonic radiation 
efficiency cw/)17 is calculated using Eq. (9). When the dimensions of the panel A and B tend towards 
infinity, the cross space-harmonic radiation efficiency Opq^ tends towards zero if p 4- p' or q £ q', 
and the self space-harmonic radiation efficiency (jpqpo tends towards the infinite panel radiation ef-
ficiency a^pq (see Eq. (11)). Therefore, the spectral density of the radiated power per unit area be-
comes: 
2 +00+00 
lU(co) =^- J £ > „ (k)f o^ (k )S^ (k,co>lk. (28) 
-00-00 py 
Even though Eqs. (27) and (28) are straightforward, the computational cost associated with their 
numerical implementation will be relatively high since the integration must be performed for sub-
sonic spectral components (k, > ko). Thus, when the dimensions are infinite, a more efficient 
scheme can be derived. First, recall Eq. (17) linking the wavenumber transform of the excitation to 
the spectral response of the structure when the latter is infinite. Taking the square modulus on each 
side of that equation and using the fact that the excitation is homogeneous, one obtains: 
KM,)f =IK(^)f^~ (**./A,'<°)- (29) 
/*/ 
The quantity on the left hand side of Eq. (29) represents the spectral density of the panel response. 
This is a power spectral density and not an energy spectral density as in the case of a point force 
because the excitation spectrum S/vxc/'exc on the right hand side is itself a power spectral density. 
Using a wavenumber representation for the radiated power (see Eq. (19)), switching to polar coor-
dinates and knowing that the real part of the radiation impedance is zero for subsonic wave com-
ponents, the spectral density of the radiated power per unit area will be: 
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"-..(») = " ^ - J J£k(*i^)|2S^ (KpqJpq^-J^Wd^ (30) 
o o w \*o *» 
where ktpq = (kXJJ2+ ky_q)m and cppq = atan(kyttJkxp). Because the coefficients um only need to be 
computed for supersonic components, Eq. (30) provides a faster but mathematically equivalent 
way to estimate the radiated power per unit area in comparison to Eq. (28) (this has been verified 
numerically). It exploits the fact that the (kx,ky) component of the response is induced by the 
(kxpjtyf) components in the excitation. Conversely, Eq. (28) is based on the fact that the (kx,kv) 
component of the excitation induces the (kXtP,ky,q) components in the response. It should be noted 
that contrary to the case of a point force, integration along cp in Eq. (30) cannot be reduced be-
tween 0 and K/2 since the excitation spectrum will not be necessarily symmetric along kx or ky. In 
fact, in the case of TBL excitation, the excitation spectrum is only symmetric along the direction 
perpendicular to the flow (see section 0). Finally, by replacing the infinite radiation efficiency with 
the finite radiation efficiency oj(k,,(p) in Eq. (30), an alternative formulation to Eq. (27) is obtained 
for the windowed radiated power spectrum per unit area: 
*W H -^ër- J JTK (k"4 s v- ( ^ « ' ^ k {WWKd*. (31) 
0 0 / * / 
3. Rayleigh-Ritz model 
3.1 Diffuse field excitation (sound transmission) 
The Rayleigh-Ritz model derived in this paper is inspired by the work of Mejdi & Atalla [12] and 
Liu et al. [14]. The main difference with the latter models is that it accounts for the torsion-
bending coupling effects of the stiffeners and that an alternative numerical procedure is proposed 
to compute the diffuse field transmissibility. To obtain an efficient numerical scheme, analytic ex-
pressions representing the displacement and the slope of the panel at frame and stringer locations 
are used as intermediate variables. However, contrary to Ref. [14], the model does not account for 
panel curvature. 
First, consider that the infinite orthogonally stiffened panel shown in Fig. 1 is now finite and rec-
tangular and that its edges are simply supported by an infinite rigid baffle. The structure extends 
from x - 0 to x = A and from y - 0 to y = B. Along the x axial axis, a total of Nr frames are located 
at arbitrary locations xr and along the y axial axis, a total of Ns stringers are located at arbitrary lo-
cations ys. Although periodic spacing is considered in this study, using arbitrary locations avoids 
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the loss of generality and does not add complexity to the analysis. The frame located at x = xr ap-
plies a force F\, and a moment Mt-r and the stringer located at>> =>>., applies a force F2j and a mo-
ment M2rS. Since the panel is simply supported along its edges, its response can be expressed using 
sine Fourier series representing the un-stiffened panel modes: 
W(x,z) = ^ u„<pm(x)yn(y) = ^ umj=$m(kJ)m(k,y), (32) 
mn mn \ AH 
where km = mix/A and k„ = nn/B. These series are truncated to a finite but sufficient number of 
terms mmaK and nmax to ensure convergence at the highest frequency of interest, i.e m = 
{0,l,2,...,/wmax} and n = {0,l,2,...,wmax}. In appendix B, the complete model is derived and it is 
shown that the displacement term um„ associated with the mnth mode can be expressed explicitly in 
function of the modal loading terms Pmc,mn-
I m m . v n„, .v A 
mn,ab mn mn IP _ Y V 2 P K 
'"'•incmn / , / , *"* mc.ab"-m 
a=l A=l 
(33) 
where Cm„, Pmc,mn and Km„tab are given by Eqs. (B.2), (B.3) and (B.18), respectively. Taking the 
square modulus on each side of Eq. (33) and neglecting cross-modal contribution, one obtains: 
( - m„„ nmav _ A 
I l2 -A\C I2 
\Umn\ ~ M*-mn| \p \'-I\P I'WIK ) + YY\K \
2\P I2 
\*mc,mn\ "\' mc,mn\ "^{"•mn.mnj / . / . \™-mn.ab\ \Avnc,ab\ 
a=l A=l J 
(34) 
Neglecting cross-modal contribution also allows writing the power radiated by the panel as on the 
receiver side as: 
nBd(œ) = | « | \\PXX=Q{^W)'dxdy\ = \p0c0^CTm„\uJ , (35) 
[0 0 J ™ 
where amn is the modal radiation efficiency associated with the mrtih mode. In this paper, am„ is 
computed using the asymptotic formulas of Leppington et al. [47]. Inserting Eq. (33) into Eq. (35), 
dividing by the incident power and averaging over all angles of incidence using Eq. (3) while 
knowing that 
TjK4™*dW = An2Piam" • 06) 
oo Ko 
the diffuse field transmissibility under random incidence (0iim = 90°) if finally obtained: 
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(37) 
Another way to compute the diffuse field transmissibility is to calculate the modal forces and mo-
ments on the left side of Eq. (B.13) and to replace them into Eq. (B.2) to find the coefficients umn. 
These coefficients are then injected into Eq. (35) to calculate the radiated power and hence the ob-
lique transmissibility. This procedure is done for each angle of incidence 9 and cp in order to per-
form the numerical diffuse field integration of Eq. (3). However, to obtain the matrices [Cy] in Eq. 
(B.13), the inversion only needs to be done once since the matrix does not depend on the excita-
tion. Moreover, the meshing along 9 and cp does not need to be high to achieve convergence for 
diffuse field integration (25 angles along 9 and 15 angles along <p is enough). Therefore, when the 
number of modes mn becomes large (mmax and «max greater than 30), this alternative procedure is 
likely to be faster than Eq. (37) since the computation of the terms Kmnab is avoided. Moreover, it 
does not require the assumption of random incidence (see Eq. (36)). 
3.2 Point force excitation 
When a point harmonic force Fexc excites the panel at (x,y) = (xexcyexc), the modal joint acceptance 
of the forcing term is: 
HA 
F^mn = jJFexcÔ(x-xexc)ô(y-yexc)<f>m(x)ipn(y)dxdy = FexJm(xexc)tpn(yexc) . (38) 
0 0 
Therefore, in the developed analysis, the radiated power is obtained straightforwardly by replacing 
the term 2Pinc,m„ with Fexcj„„ in appendix B. 
3.3 Random excitation by a turbulent boundary layer 
If a random excitation pressure with a wavenumber-frequency power spectrum density Sp^. 
Pexc(kx,ky,co) is applied on the panel, the power spectral density of the power radiated on the receiv-
er side will be given by [15]-[45]: 
- ( mm.x "™,
 2 \ 
nnà((ù) = p0c0(o22_écrmn\Cmn\ Qm„-2emn%{icmnmn}+^^Qah\KmnJ , (39) 
mn \ 
where ®mn is the modal joint acceptance: 
|2 
mn,ab j 
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4. Numerical results 
4.1 Simulation parameters 
For the numerical study, a 3 mm thick isotropic aluminum plate is considered (E = 70 x 109 Nm"2, 
p = 2700 kgm'3 and v = 0.33). The stiffeners are also made of aluminum and their spacing is Lx = 
0.5 m and Ly = 0.2 m, respectively. The frames have a symmetric I-shaped cross-section while the 
stringers have an asymmetric S-shaped cross-section (see Fig. 2). The density of air po and the 
speed of sound in air c0 are set to 1.21 kgm"3 and 340 ms"1 and the structural damping loss factor of 
the panel and the stiffeners is set to 1%. Internal pressurization effects are included only for turbu-
lent boundary layer excitation (section 0). For the dimensions of the partition, values of A = 2 m 
and B = 1.2 m are chosen. Therefore, the spatial window contains twenty-four periodic bays in to-
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Fig. 19. Frame and stringer cross-section geometry. Points C and O are the centroid and shear cen-
ter of the cross-section. Point M is the point of attachment of the frame/stringer and the panel. 
In the Rayleigh-Ritz model, the positions of the frames and the stringers arexr = {0.25, 0.75, 1.25, 
1.75} m ax\àys = {0.1, 0.3, 0.5, 0.7, 0.9, 1.1} m, respectively. Moreover, the total number of terms 
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used in the Fourier series are set to mmax = 75 and nmax = 45 which means that the analysis consid-
ers un-stiffened panel modes having natural frequencies up to approximately 10 kHz. These values 
ensure a satisfactory level of convergence, i.e. less than 1 dB of difference in the transmission loss 
(TL) at all frequencies of interest when mmax and rtmax are raised to 90 and 54, respectively. 
4.2 Diffuse field excitation (sound transmission) 
4.2.1 Influence of spatial windowing 
Sound transmission under diffuse field excitation with field incidence (9\im = 78°) is first consi-
dered. The transmissibility is computed in 1/24 octave bands and is averaged in 1/6 octave bands 
for frequencies ranging between 100 and 6400 Hz. In the periodic model, values of/?max and qmax 
are set to 25 and 10 to achieve a satisfactory level of convergence, i.e. less than 0.5 dB of differ-
ence in the transmission loss (TL) at all frequencies whenpmax and qmax are raised to 35 and 14, re-
spectively. Moreover, diffuse field integration is performed using Gaussian schemes along 9 and cp 
with 20 points in each direction. 
Figure 3 shows computed results for bare (no frames and stringers) and ribbed configurations. In 
each case, the infinite partition TL is compared with the spatially windowed partition TL. For the 
bare configuration, a difference of approximately 5 dB is observed between the two curves up to 
the critical frequency of the bare panel (4 kHz). Above the coincidence region, there is no differ-
ence. This order of magnitude is consistent with numerical results presented in Refs. [25]-[26]-
[28] where partitions with comparable dimensions were studied. For the ribbed configuration, the 
effect of spatial windowing is similar to the bare configuration at low frequencies. However, 
above 300 Hz, the gap with the infinite TL curve starts to decrease and above 1 kHz, the spatial 
windowing has almost no influence. Such results are physical because when the bending wave-
length becomes comparable to the stiffener spacing (the bending wavelength measures 1 m at 342 
Hz since the bending trace corresponds to the acoustic trace), the structure shifts progressively 
from a global behaviour where the panel radiates as a whole to a localized behaviour where the 
radiation of the individual sub-panels delimited by the frames and the stringers is dominant. There-
fore, given the total number of periodic bays in the investigated structure (twenty four), it is logi-
cal to find that the windowing only play a minor role at mid and high frequencies. Moreover, be-
cause the radiation efficiency of small panels is greater than that of large panels, the ribbed panel 
TL is lower than the bare panel TL above 300 Hz (this is a well-known feature of ribbed panels 
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[l]-[29, Ch. 5.12]). On the other hand, the additional mass and stiffness provided by the frames 
and the stringers increases the ribbed panel TL at low frequencies. 
In Fig. 20, a fifth curve showing the influence of cross space-harmonic radiation for the ribbed 
configuration is also presented (see section 2.1.4). Results were only computed for frequencies 
ranging between 100 and 800 Hz because taking into account the cross terms multiplied the com-
putational effort by a factor varying between 50 and 200 depending on the frequency. The differ-
ences between the curves with and without the cross space-harmonic radiation is found to be very 
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Fig. 20. Transmission loss (periodic model): infinite partition vs. windowed partition 
4.2.2 Periodic model vs. Rayleigh-Ritz model 
Figure 4 compares the windowed periodic model with the Rayleigh-Ritz model. For the bare con-
figuration, excellent agreement is achieved over all the frequency range, which confirms the valid-
ity of the spatial windowing technique and shows that the bare construction is mass-law controlled 
even at the lowest frequency of interest (100 Hz). For the ribbed configuration, excellent agree-
ment is also obtained, but only above 300 Hz, which means that the windowing if not useful in this 
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case. Below that frequency, the discrepancies are due to the fact that the simply supported ribbed 
panel TL is still dominated by the resonant behaviour of the lower order modes of the whole struc-
ture. This means that the influence of the reflected wave field at the boundaries is crucial and 
therefore, that the periodic model cannot reproduce the TL correctly. However, as frequency in-
creases and the acoustic wavelength becomes comparable to the stiffener spacing, the resonant be-
haviour of the lower order modes is no longer dominant and the reflected wave field begins to 
have less influence. This is because direct wave field is strongly scattered by the frames and the 
stringers before hitting the boundaries and hence, these boundaries play a less important role. For 
that reason, good agreement is obtained (on average) between the periodic model and the Ray-
leigh-Ritz approach at mid and high frequencies. 
. . . . Periodic (windowed) • bare panel 
— — Raylek|h-RHz - bare panel 
0 i •_ - ^ , . , , . , i . , , , , — , , . i 
100 '000 "0000 
Frequency (Hz) 
Fig. 21. Transmission loss: windowed periodic model vs. Rayleigh-Ritz model 
4.2.3 Numerical and experimental validation 
In Fig. 5, the ribbed configuration TL curves obtained with the periodic and Rayleigh-Ritz models 
are compared against FEM-BEM simulations and the FE-SEA sub-system formulation proposed 
by Cotoni et al. [31]. For the FEM-BEM simulations, the modes are calculated with NASTRAN 
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and an in-house boundary element solver is employed to calculate the TL using these modes (the 
code uses modal synthesis for the vibration response and Rayleigh's integral for the radiation re-
sponse). Quadratic shell elements (CQUAD4) of size 0.02 by 0.02 m are used to mesh the plate 
and the stiffeners are meshed either with beam elements (CBEAM) or with shell elements to illu-
strate the effect of the deformation of their cross-section. For the FE-SEA sub-system formulation, 
the treatment of the finite periodic structure is reduced to the analysis of a single cell subsystem 
and the modes of the structure are computed using periodic structure theory. To calculate the dif-
fuse field transmissibility, a reverberant field is assumed to exist within the structure and the dif-
fuse field reciprocity relationship developed by Shorter and Langley is used [48]. For the FE mesh, 
a criterion of six elements per wavelength was chosen. 
At low frequencies, discrepancies of 5 to 10 dB are observed between the Rayleigh-Ritz model 
and the periodic FE-SEA subsystem configuration. This is because the TL obtained with the sub-
system formulation represents an average over all possible boundary conditions (from free to 
clamped) whereas the Rayleigh-Ritz (and FEM-BEM) results are for a simply supported panel. 
However, when the wavelength becomes comparable or smaller than the stiffener spacing (f> 400 
Hz), good agreement is achieved between all the models since the effects of the boundaries begin 
to have less importance. Moreover, the FEM-BEM simulations show that the effect of the defor-
mation of the cross-section of the stiffeners is relatively limited since it does not shift the TL curve 
systematically upwards or downwards. Yet, if the width of the stiffener cross-sections was re-
duced, neglecting their deformation could lead to an overestimation of their rigidity which would 
in turn affect the radiation efficiency of the panel and hence, the power it radiates. In that regard, 
Hodges and Woodhouse have shown that for certain configurations, the deformation of the cross-
section of the stiffeners must be included even at relatively low frequencies [49]. 
To validate further the developed models, the experimental case presented by Mejdi and Atalla 
[12] is used. The tested panel is made of aluminum, is 1 mm thick and is stiffened by five frames 
and eight stringers. Its dimensions are 1.63 m by 1.37 m. Additional details concerning the struc-
ture are given in table 2 of Ref [12]. Figure 6 presents the results of the comparison. As expected, 
good agreement is obtained at mid and high frequencies when the wavelength becomes compara-
ble to the stiffener spacing (f > 300 Hz). Below 300 Hz, the Rayleigh-Ritz model is not able to re-
produce the TL correctly which suggests that the assumed simply supported boundary conditions 
are not representative of the experimental conditions. 
•Pertodfc (windowed) 
• Kayte«gh-4Uz 
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Fig. 22. Transmission loss (ribbed configuration): numerical validation 
- Periodic model (*<ndowed) 
- Rayleigh-Ritz 





Fig. 23. Transmission loss (experimental case) 
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4.3 Point force excitation 
4.3.1 Radiated power 
To study the radiated power under point force excitation, the theoretical structure described in sec-
tion 0 is again considered. A unitary force (\Fexc\ = 1) is applied at the midpoint between the 
frames and the stringers, i.e. (xexcsyexc) = (Lxl2,Ly/2). In the Rayleigh-Ritz model, the force excites 
the panel at its midpoint, i.e. (xexcyexc) = (A/2,B/2), which is also a midpoint between the frames 
and the stringers. Results are computed in 1/24 octave bands and are averaged in 1/6 octave bands 
for frequencies ranging between 100 and 6400 Hz. In Eqs. (21) and (22), a total of 30 gauss points 
is used for integration along cp. Moreover, pmax and qmsx are set to 40 and 16, respectively. Figure 
7-(a) shows the computed results for the bare panel while figure 7-(b) shows the results for the 
ribbed panel. For the bare panel, the agreement between the windowed model and the Rayleigh-
Ritz model curve is relatively good (on average) over all the frequency range which attests to the 
validity of the method for bare panels. 
•GOO 
Frequency (Hz) 
Fig. 24. Radiated power under point force excitation: periodic model vs. Rayleigh-Ritz model, (a) 
Bare panel, (b) Ribbed panel. 
173 
For the ribbed panel, the periodic model is not able to reproduce the behaviour at low frequencies. 
However, at mid and high frequencies, i.e. when the bending wavelength becomes small in com-
parison to the stiffener spacing (the bending wavelength measures 0.27 m at 400 Hz), the latter 
matches well with the Rayleigh-Ritz approach. Again, this is because the boundary conditions play 
a less important role. Moreover, the spatial windowing is seen to increase the agreement of the pe-
riodic model with the Raleigh-Ritz model for frequencies ranging between 200 and 600 Hz. 
4.3.2 Mobility 
Figure 8 presents the real part of the point force mobility obtained at the midpoint between the 
frames and the stringers, i.e. (XexciFexc) = ifx/2,Ly/2). The mobility was computed in 1/24 octave 
bands and is averaged in 1/6 octave bands. With the periodic model, the mobility at that position is 
given by Y(xexcyexc) = IcoWJx^y^yF^ where Wao(xexcySXc) is calculated numerically from Eq. 
(16). The latter is compared with the Rayleigh-Ritz approach and the finite element simulation 
model described in section 4.2.3 using (xexcyexc) = (AI2,BI2). A fourth curve showing the asymp-
totic mobility of the infinite bare panel given is also presented. The latter is given by Y = 
\/%(phD)xa [41]. At first sight, the agreement between the periodic model and the Rayleigh-Ritz 
model appears to be relatively good in the sense that the location of the successive stop-bands and 
pass-bands is respected. This reinforces the fact that the contribution of the reflected wave field 
created at the boundaries can be overlooked when the bending wavelength becomes comparable or 
small in comparison to the stiffener spacing. On the other hand, non-negligible discrepancies are 
observed between the two models and the FE simulation. These discrepancies are most likely ori-
ginating from the fact that contrary to the models, the deformation of the cross-section of the stif-
feners and the coupling of the in-plane motion of the panel to its out-of-plane motion are taken in-
to account in the FE simulation. It must also be mentioned that the periodic approach should not 
be used to estimate the displacement in the vicinity of the panel edges because the simply sup-
ported boundaries will have a more important influence in those regions. Maxit [42] has illustrated 
this feature for a panel stiffened in one direction by comparing the velocity obtained with an infi-
nite periodic model to the velocity field obtained with finite elements calculations. He found that 
the two agree well around the point of excitation at the center of the panel but that near the edges, 
the agreement is reduced because of the strong interference of the reflected wave field. 
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Fig. 25. Point force mobility: periodic and Rayleigh-Ritz models vs. finite elements (FE) 
4.4. Random excitation by a turbulent boundary layer 
So far in the numerical study, the thickness of the panel was set to 3 mm. This value was chosen to 
limit the total number of Fourier terms in the Rayleigh-Ritz approach to mmm = 75 and nmax = 45 in 
order to perform the analysis up to 6.4 kHz. In the present section, the radiated power of a 1.5 mm 
thick infinite aluminum panel subject to turbulent boundary layer (TBL) excitation is considered 
(the other parameters described in section 0 are left unchanged). Accordingly, mmax and nmax are 
increased to 90 and 54, respectively. A Corcos form [51] is used for the spatial correlation func-
tion of the excitation and the flow is chosen to be parallel to the x axis. Therefore, the power spec-
tral density of the excitation in the wavenumber domain is given by [50] 
(M = 4HxHy0o{co) (l+{kx-<o/UcfH2x)(l + k7;H2vy (42) 
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where <I>o(co) is the point pressure spectrum and where Hx and Hy are the correlation lengths. For 
high subsonic flow applications, Efimtsov [52] proposed the following expressions for O0(co), Hx 
and Hv 
oV
 ' uT (i+omsh2'3) T VAx, 
HX=K 
^ 0.15ft ^ 
v - t / 2 
BL UM. 
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where 5ft is the Strouhal number (=co6IUr). The definition of the constants in Eqs. (42) to (44) is 
given in table 1. The chosen numerical values are representative of flight conditions: they were 
employed by Liu [15], Maury et al. [46] and Graham [50] in their respective studies. To present 
the results, the normalization proposed by Graham [50] is also applied to the radiated power spec-
trum: 
„ / ,. ph(o3Ur „ / \ ,„ phca3Ur * , . 
normalized H = , . . , , Tinii((o) = AB Tl^ {(d) . 
^ A B L ^ A B L 
(45) 



















Free-stream velocity (ms" ) 
Convection velocity (ms1) 
Friction velocity (ms1) 
Boundary layer thickness (m) 
External air density (kgm3) 
External speed of sound in air (ms1) 
Plane longitudinal tension (Nm"1) 
Plane axial tension (Nm"1) 
This normalized quantity can be seen as a measure of how well the structure converts the incident 
energy of the TBL into acoustic radiation. For the calculations with the periodic model, the numer-
ical integration is performed with 30 Gauss points along cp and 30 Gauss points along kt. The ra-
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diated power is also computed in 1/24 octave bands and is averaged in 1/6 octave bands. Finally, 
pmax and qmsK are set to 45 and 18, respectively. 
Figure 9 presents the normalized power spectrum obtained with the periodic and Rayleigh-Ritz 
models. The power radiated by the infinite bare structure is shown for comparison. Clearly, the 
ribbed structure converts the incident energy of the turbulent boundary layer into acoustic radia-
tion more efficiently than the bare structure. This is because subsonic components in the excitation 
can create radiation when the frames and the stringers are present whereas without stiffening, only 
supersonic components create radiation. Above 500 Hz, the infinite and windowed periodic mod-
els and the Rayleigh-Ritz approach agree very well as they both capture the filtering peak of the 
structure observed at 1.6 kHz (this is coherent with results obtained by Liu [15] and Graham [50] 
for similar structures). In fact, the presence of this peak is a must since it is associated with the 
aerodynamic dynamic coincidence frequency given by^ero = fcm(Uc/cexl)2 ~ 1.6 kHz. Here,^„ t is 
the critical frequency of the panel:/cri, ~ (\l2n)-[c\xl(phlD) - c2ext(NxNy)m/D)]1'2. Below 300 Hz, 
the periodic model is not able to reproduce the resonant behaviour of the lower order modes of the 
structure. However, between 300 and 500 Hz, the spatial windowing allows the periodic model to 
agree better with the Rayleigh-Ritz approach. The point when the frequency reaches a value of 300 
Hz corresponds to the point when the wavelength in the stream-wise direction associated with the 
convective ridge of the excitation (^2-KUCICO) reaches a value of 0.525 m, which is comparable to 
the frame spacing (0.5 m). This is consistent with the results obtained for diffuse acoustic field and 
point force excitations in sections 4.2 and 4.3 where good agreement is obtained when the bending 
wavelength becomes comparable or smaller than the stiffener spacing. In Fig. 9, a fifth curve 
showing the results yielded by an in-house one-bay model based on Graham's [50] and Maury et 
al.'s [46] work is also presented. This model is easily obtained from the Rayleigh-Ritz model de-
rived in section 3. As expected, the one-bay analysis matches well (on average) with the two other 
approaches above 300 Hz which confirms its suitability at mid and high frequencies. 
By disregarding the effects of spatial windowing, the computation time with the periodic model 
was reduced to less than 30 seconds per frequency on a table PC. This was mainly achieved by us-
ing Eq. (30) as an alternative to Eq. (28). On the other hand, the cost of the Rayleigh-Ritz model 
was found to be much higher (-ten times). Of course, the fastest model remains the simply sup-
ported one-bay analysis but the periodic approach will become interesting when other features of 
aircraft sidewalls need to be included in the modeling such as a trim panel mounted with discrete 
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resilient connections on the skin frames and a noise control treatment inserted between the skin 
and the trim [39]. 
Frequency (Hz) 
Fig. 26. Normalized radiated power (turbulent boundary layer excitation) 
5. Conclusion 
In this paper, the influence of finite dimensions on the vibro-acoustic response of orthogonally 
stiffened panels was investigated by comparing a windowed periodic model with a Rayleigh-Ritz 
modal-based model. Three types of excitations were studied and theoretical predictions were com-
pared with experimental results and with other types of models. In light of the numerical studies, a 
key conclusion could be drawn: when the bending wavelength becomes comparable or smaller 
than the stiffener spacing, the windowed periodic model is able to reproduce the behavior of the 
finite simply supported structure. Hence, it suggests that the infinite approximation will be appro-
priate for stiffened structures at mid and high frequencies even if the number of bays is not higher 
than three or four along each direction. Knowing that sample structures tested in laboratories 
usually have such a low number of bays, this conclusion is of practical importance. 
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Yet, even though the developed models were able to demonstrate the suitability of the infinite 
periodic hypothesis, there is still room for improvement. First, it will be important to account for 
the deformation of the cross-section of the stiffeners in case thin-walled frames and stringers are 
used (strip theory [2] or polynomial expansion [49] are among possible avenues to include this de-
formation). Second, it will be important to see to what extent the coupling of the in-plane motion 
of the panel to its out-of-plane motion can have a non-negligible impact. This is of importance due 
to the asymmetry the panel itself (e.g. asymmetric composite panels) or the asymmetry induced by 
the fixing of the stringers at only one side of the panel. Finally, it will be necessary to account 
more rigorously for uncertainty in the properties of the structure than by frequency averaging re-
sults. 
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Appendix A - Derivation of the infinite periodic model 
Recalling the problem statement made in section 2.1.1 and the assumptions made in section 2.1.3, 





TF2,q{x)S(y-qLy)+- Y.^.P{y)Six-pLx) +~ JJM2M{x)S(y-qLy) ô 
f 
V P J \ 1 J 
(A.46) 
where D is the linear differential operators governing elastic and inertial forces in the panel. F\^, 
M\j„ F2,q and M2,q are the forces and the moments exerted by the pth frame located at JC = pLx and 
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the <7th stringer located at y = qhy. For an isotropic thin plate in bending subject to membrane 
stresses Nx and iVv resulting from internal pressurization on the receiver side, the operator D is giv-
en by: 





T + 2 , , dx4 *-2a"2 + -dxldy2 by* 
M d AT d + N
*^T + NvTTT 
ax~ ' ay" 
-phcù , (A.47) 
where D, p, ft and n are respectively the bending stiffness, the density, the thickness and the damp-
ing loss factor of the panel. Expanding the stiffener forces and moments and the reflected and 
transmitted pressure fields as space-harmonic series [17-23], writing continuity at fluid-panel in-
terfaces and making use of the orthogonal properties of space-harmonic series [23] (or using a vir-
tual work approach [7]-[17-19]), Eq. (A.46) leads to the following relation for each space-
harmonic pq: 
KpqUpq ~ A panel , w ^ 
.M J 
Upq =2P0Spq -J~(Fxfi« +J*XPM1.0?)-y-K/>0 +J*>.»A/2.po) 
(A.48) 
where r5oo = 1 and ôn = 0 forp ^ 0 or q £ 0. In Eq.'(A.48) A^ei^ and k:pq are the dynamic stiff-
ness of the panel and the acoustic wavenumber associated with the pqth space harmonics, respec-
tively: 
*p«e.„ = 0 + J tf)^** , + kL ) + *£.„ + ^ yklq J " P**1> (A-49) 
Kpq=ikl-kl,p-k).q- (A.50) 
Eq. (A.48) can be rewritten as: 
C C„ 




where Cw = 1/A .^ If the panel is composite, sandwich or orthotropic, K^^ can be derived from 
its dispersion equations [39]. Using Donaldson's formulation for skin-stringer constructions [4], 
the coupled equations of motion in translation and rotation for the stringer located at y = 0 are: 
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F A Ô* A 2 
E2&2^-j-c 2p2A2(o dx 
E2I>v,2TT-P2A2^ 
dx 
£ 7A, —— - c ^p-,An(ù2 E^P—j - G^JX, —r- - p2Is ,CÛ2 








where A2 = Sy^Iyy.i - s^il^-i. In Eq. (A.52), WB2,O is the translational displacement of the stringer at 
the panel/stringer junction and y/B2,o its torsion angle in the yz plane. The definitions of the con-
stants on the left side of Eq. (A.52) are given in Ref. [4]. Structural damping is assumed implicit in 









E M ™ 
exp(-j*v,p*)=E exp(-jA- tpx). (A.53) 
Knowing that Eq. (A.52) must be true for all values of x, the following relationship is obtained for 
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.(A.55) 
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If the forces and the moments in Eqs. (A.54) and (A.56) were injected into Eq. (A.48) by replacing 
the coefficients Up, Uq, ipp and \pq with their space-harmonic expansion equivalence (see Eqs. 
(A.53) and (A.58)), the resulting system of equations would be of size np * nq with the space-
harmonic amplitudes u^ as the unknowns. However, a reduced system of equations can be ob-
tained. First, summing Eq. (A.51 ) over all ps yields 
o 
x=0 = 2P0C0q 
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Replacing F\,0q, Mifiq, F2Pq and M2io, into Eq. (A.59) by using Eqs. (A.54) and (A.56), the follow-
ing system of equations is obtained for each q: 
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Again, replacing F],o,, Mi. ,0,, i*2,o, and M2fla into Eq. (A.63) by using Eqs. (A.54) and (A.56), the 
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(A.65) 
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Together, Eqs. (A.60) and (A.64) form a system of 2np + 2nq independent linear equations where 
the unknowns are the coefficients U and \p. Once known, these coefficients are used to calculate 
the forces and moments in Eqs. (A.54) and (A.56) and the latter are substituted back into Eq. 
(A.51) to find the wws. 
Appendix B - Derivation of the Rayleigh-Ritz model 
According to problem statement made in section 3.1, the equation of motion of the panel is: 
D{W{x,y)} = P„ ( W ) | L + ^  M * ) L " P» (x'*z)ILo " 
X(^4^)ô(x-xr)+M,^>,)ô'(x-xr))-f;(F2>5(x)ô(y-^) + M^(x)ô'(>;-^))' 
r=\ s=\ 
(B.l) 
where ' denotes the spatial derivative. For an isotropic thin plate in bending subject to membrane 
stresses Nx and Ny resulting from internal pressurization on the receiver side, the linear operator D 
is given by Eq. (A.46). Writing continuity at fluid-panel interfaces, knowing that the displacement 
of the panel takes the form of Eq. (32) and neglecting cross-modal coupling and using the ortho-
gonal property of the Fourier series, i.e. multiplying Eq. (B.l) by cpm(x) and y/„(y) and integrating 
over S, the above equation is obtained for each mn: 
umn = Cm„ Ï2P „,„ - «GIF, n - <D'TM, „ - T^F, m - ¥'TM2 m 1, 




C ™ = J" J C (x>y>°)** {x)vn (y)dxdy = P0 
2^A[l-(-irexp(-JM)][l-(-l)"exp(-j^)] 
0 0 AB(k2m-k2)(k2-k2) 
(B.3) 
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Cmn =—? r with <*£, =—i '-- ^— and nm =n + 2y° ° ™ co, 
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The vectors Mi,n and M2,m in Eq. (B.2) can be found by replacing all the Fs by Ms in Eq. (B.5). In 
Eq. (B.4), omn represent the modal radiation efficiency associated with the m«th mode. Summing 
Eq. (B.2) over all m, the translational and angular displacements of the panel at frame locations 
can be expressed as: 
EM» 
m _ 
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-|T 
' 2^2,m ~Z\J^m (B.9) 
Using Donaldon's formulation for skin-stringer constructions [4] (see section 2.1.2) and exploiting 
continuity between the displacements of the panel and the stiffeners, the equations of motion in 
translation and rotation of the frames and the stringers lead to the following system of equations 
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where [INr] is the identity matrix of size Nr and where [INs] is the identity matrix of size Ns. The 
terms K„ and Km in Eq. (B.IO) and (B.l 1) are related to the dynamic stiffness of the frames and 
stringers associated with the mth and nth un-stiffened panel mode: 
* £ , = V«A* " A4»2 * & . = E2fy2k4m - p2A2co2 
KSRR, = Exrxk4n+GxJvXk2-PxIsX(02 , KBR2Rm = E2r2k4m+G2Jx2k2m-p2f2cs>2 . (B.12) 
K™, = C = W . 4 ~CxtPA®2 * & . = Kr,m = E2A2k4m -cy2p2A2Cxy 
Combining Eqs. (B.6), (B.8) and (B.IO) and expanding the obtained relations for each m and n 
leads to a system of size 2mmaxNs + 2«maxA/r. This system can be inverted to give: 
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with [A,,„] = [KBi,n]"' + [Sn,n] and [A2.m] = [KB2,m]"' + [S22,m]. The size of the matrices [C„], 
[C(2], [C2i] and [C22] is nmaxNr x nmaxNr, nmaxNr x mmaxNs, nmaxNr x mmaxNs and mmaxNs x mmaxNs, 





a=l *=1 V 
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a=l A=l V I/*» J L~bjy 
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where the matrices [Cy] have been decomposed in sub-matrices of size 2Nr and 2NS. Inserting Eqs. 
(B.l5) and (B.l6) into Eq. (B.2), the modal displacement um„ associated with the mnth mode can 
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ANNEXE B-QUELQUES MODELES EXISTANTS DE 
LA COUCHE LIMITE TURBULENTE. 
Cette annexe présente quelques modèles existants de la TBL. Dans un souci de cohérence avec 
la littérature, la transformée de Fourier des interspectres spatio-fréquentiels utilise la défini-
tion (B.l) au lieu de celle définie par l'équation (2.2) : 
1 Spp(k^) = j^\jPP(^co)e-'^ (B.l) 
B.l Modèle de Corcos 
B.l.l Interspectre 
Ce modèle est basé sur l'hypothèse de séparation des effets longitudinaux et transversaux de 
l'écoulement. : 
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Plusieurs valeurs de (ax, ay ) existent dans la littérature 













Tableau B. 1 : Coefficients des cohérences 
La transformée de Fourier de (B.2) donne : 
®P(kx'ky><») = <P(Û>) 
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v °> J 
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Pour le modèle de Corcos, deux modèles d'autospectres sont généralement utilisés 









0 . 2 5 < ^ < 3 . 5 ; 
U„ 
3.5 < coô' 
t7 = 0.5p0f/2(B.4) 










1.05< — < 3 . 5 ; q = 0.5.p0.U„ (B.5) 
3.5 < coô' 
Avec t/c=0.7£/oo est la vitesse de convection. L'épaisseur de la couche limite turbulente S*=ô/8. 
Avec ô est définie telle que U(x=8)-0.99 {/«, 
B.2 Modèle d'Efimtsov 
B.2.1 Interspectre : 
Selon ce modèle, la densité interspectrale dans le domaine spatial est donnée sous la forme 
d'une multiplication d'exponentielles. 

















si M < 0.75 
f
 axSh ^ 
-|l/2 
+a: si M„ < 0.9 
Le rapport U,/UT est donné en fonction du nombre de Strouhal (Sh=coÔ/UT) 
UjUr=a8Sh 1/2 \ + {agShf 
1/10 
l + (ax0Sh) 
Les constantes a\- a\\ sont données par 
avec UT = cf/2Uc et cf= 0.002 
« i a-, a3 a4 as a*, a7 a» a9 «n 
0.1 72.58 1.54 0.77 548 13.5 5.66 9.55 6.38E10 3.98E3 
Tableau B. 2 : Constantes a\- a\\ 
La transformée de Fourier de (B.6) est donnée par : 
sAk^(o)=^PA(û)-
A A 
n 1+ k \ + 
coA, H*, A)2] 
(B.7) 
B.2.2 Autospectre : 
(Pff (co) = 0.0 \U]p)s\\ + 0.02 (Sh)m (B.8) 
Où l'épaisseur de la TBL est donnée par 
Ô = Q31XRe{ 1 + 
f
 Rer * 
1/10 
6.9107 
avec Re-U^X/X est le nombre de Renault etX=10 (X: distance de la TBL par rapport à la surface) 
B.3 Modèle de Cockburn 
B.3.1 Interspectre 
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Selon ce modèle, la densité spectrale est donnée par : 
r
PP(Ç*>Çy>a) = ®rP(a)rx(&><0)ry(Çy>û>)exp 
f icoÇx) f iœÇA 
exp 
v UL j V v< J 
(B.9) 
avec 
M&.û>) = exp 
yy(Çy,a) = exp 
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K. 
La transformation dans le domaine de nombre d'onde 
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(B.10) 
avec: 
ar =C X X 
<*y=Cy 
< co^ 










t - ^ 
' " f. ' 
Les paramètres k^, kx/, Cx et C^sont respectivement égales a l, 0. 01 et 0.725 
B.3.2 Autospectre 
L'autospectre de ce modèle est donné par : 
194 ANNEXE B~QUELQUES MODÈLES EXISTANTS DE LA COUCHE LIMITE TURBULENTE 
<M")= 
27tp\ 
%ô 1 + coj \ i v %ô 
2npi 2 rms 
'OQ2*U^ 
Sô 









 °° '1 + 0.14MJ 
(\
 Tr2\ 0.006 
: écoulement attaché 
1+0A4MI 














Tableau B. 3 : Constantes A, B et aopour un écoulement attaché et séparé 
B.4 Model de Smol'yakov & Tkachenko 
B.4.1 Interspectre 




La transformée de Fourier de (B.12) est donnée par : 
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AF{kx,kv,o)) = - l + A2 +  1.005 
ml 
(




^ ' * /0 
V co J 
+ 
v w y 
-m, 
-3/2 
B.4.2 Autospectre : 
0pp{co) = U4rp2ô' 5.1 




B.5 Modèle de Chase modifié 
B.5.1 Interspectre : 
La densité spectrale dans le domaine spatial de ce modèle est donnée par : 
FpP(Çx>Çy,<»)= AN(co)fM (Çx,Çy,co)exp(ZM)exp(ikcÇx) + 
^r(û,)/r(^»^»®)exp(Z7.)exp(i*f«*x) 
(B.15) 
La transformée de Fourier, s'écrit : 
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M^)- r{0}'Uc) • l + a^p2 +a2y2 
r(o),Uc) = a-bco/co0 
co0 = Ï0S rad / sec pourO<r< l 
a,=J\ + (b,ktô]* 




80 100 120 
0.5362 0.3158 0.6468 
0.1869 0.1355 0.1382 
Tableau B. 4 : Valeurs des coefficients a et b en fonction de (/» 
bh4 
0.5973 
f*M ÏM bj HT 7T 
0.2831 1.2267 0.3158 0.0614 1.4186 
Tableau B. 5 : paramètres du modèle de Chase modifié 
B.5.2 Autospectre : 
^=^f^(CuFu+CTFT) (B.17) 
2K 3co\\ + p ) 
F„ = 
[\ + p2a2+p4(a2-\)] 
M
~ [a2+p2(a2-l)J2 
F7 =3/2(\ + p2)(l + a2)/a3 
ANNEXE C-CALCUL DE LA PUISSANCE INJECTEE 
Utilisant (2.73), on peut écrire 
nr=-9^ HpM{x>y><») 
^-jco\[Pxu{x\y\(o)(pmn{x\y)dx'dy'cpmn{x,y) 




L'équation (Cl) peut s'écrire 
n , " = - 9 l j[/M(x,y,o>) II 
m=\ n~\ 
jcoY:ngPm(x',y\co)<pmn(x',y>)dx'dy' 
M Y Y' <pmn(x,y) 
mn mn mn 
dxdy 
(C2) 





mn J | jjsPtbX(x,y,co)cpmn(x,y)(PtbX(x\y',co)<pmn(x',y')) dx'dy'dxdy 
MJYJ 
Or, Abi Ptb\*=Ypp, l'équation (C.3) peut alors s'écrire comme suit 
rr=-
- «Tixœco2mn<&pp(co)\[\[Tpp(x,y,x\y\co)cpmn(x,y^^ 
2-iZa i__ is r (C-4) 
n=l «=1 Mmn\Yj mn | mn\ 
Par définition, la «joint acceptance » dans le cas d'excitations par TBL est donnée par : 
lrPp(x,y,x',y',co)cpmn(x,y)<pn,„(x\y')dx'dy'dxdy (C.5) J2 =—-
™ ç2 
Injectant (C.5) dans (C.4), la puissance injectée peut s'écrire 
nr=- ^y^^^L^C^)^^ 
n=l n=l 
mn I /no j 
(C.6) 
Moyennant la puissance injectée sur la bande fréquentielle Af: 
(nr> =-LfI IE 
m=l «=1 




En se basant sur les hypothèses de la SEA, les modes qui contribuent le plus, sont les modes ré-
sonnants compris dans la bande fréquentielle Af: 
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KL 1 4>J°>)S
2 
Aco SE eA<u ][/f T \ 2 {oin-oy) +{nxcoln)' ^ox/
2
m(C.S) 
Dans la bande de fréquences, on peut supposera; « comn. L'équation (C8) peut s'écrire : 
-^dco (C.9) / \ 1 ^nn(C0)S
2
 _ , (CO 
\ ' I \co A^-.-i ? * - { *o\ 
n*com„Jm„ 
i \ mn mn 
Aco eA<u M K „ + Û>)" («™ - ®)~ + (7.Xn )" 
^«L 
'Aai ^ £ 0 M. 4*y2,„ («M - 6>)~ + [ri m2 ) 
dû) (CAO) 
Or, on a : 
(<ym„-<y) + 




com„ - col 
mn 
n^mn 




( C i l ) 
En se basant sur les hypothèses de la SEA (amortissement faible). On peut écrire 
f \ ( \~ 
com„ - coi 
mn 
Ii*»* 





•n (C l 2) 
En tenant compte de(C.l 1)- (C l2 ) et on a. 
(nr ) &û> Aco SM I -Ofc s°>mn mn <»»,„£ A<u "*<»„, -n (C l 3) 
L'équation (CIO) devient : 
(nr) *——SEXJ— Y 2j, 
£AU/ olvlmn <a„„eA<a 
2 
Remplaçant Mm„ par Mab/4 dans l'équation (C 14), on peut écrire : 
/ \ 1 ^>nn(co)A7t _ , 
(n;") * — — ^ ^ — Y J 2 
(C.14) 
( C l 5) 
*» Aco M ^ , 4 , 




 Aco M comeAco AN 
(Cl 6) 
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Finalement la puissance injectée s'écrit : 
(nrL-^Z*. 
"^ «™,eA(i) 
ANNEXE D-Calculs numériques et analytiques de la 
« joint acceptance » pour les cas TBL et DAF 
D.l Méthode analytique 
D. 1.1 Cas d'excitation par TBL 
On se propose de déterminer analytiquement la «joint acceptance » pour tous les modèles dont 
la densité interspectrale est donnée sous forme de produit de deux exponentielles (ex : Corcos, 
Cockburn, Efimtsov) avec des cohérences ax et ay suivant les directions x et y: 
J„ 
-rrrr . (mn > ' — ^ sin x v cx sm mn yTy, e-a<\*-*\e-
a>\y-y\e-jrA*-x') 
sin 
( n-n- \ f mn ^ (D.l) n 
x 
\ a J sm -y 
dxdydx'dy' 
\ u y 
Dans chaque modèle, a et b sont la longueur et la largeur de la plaque. 
Posons: 
J. 
-ff* mn sini x a ) s m i ^ x ' l e - ^ V ^ * - ' 1 dxdx' (D.2) 
'WHf'Mf^,l"v'' (M) 
Le calcul de la première intégrale (D.2), en faisant un changement de variable et en écrivant les 
termes en sinus en fonction des exponentielles complexes, donne : 
mmx
 i) Jx-a 
mn mn 
J * -J—•* 
e
 a
 -e " 
V 
mn. . mni , \ j—(x-y) -j (x-y) 







mmx mmx\ mmxZ A 
•rr. 
mn,^ . mit mn "M,^ . \ J (2x-y) -J y ] y -j (2x-y) 
-e " -e a +e " 
y 
mx,- . mn mn mn,- . 
























On peut écrire : 
/ - i = f [ ( e r ° ( " V / 2 > " e _ ( W 2 " / 0 V / 2 +^'tl"3"2))eCiydydK (D.6) 
Le calcul de l'intégrale intérieure dans (D.6) donne : 
Jmmxi (X) = 
e"'»* 
-Q/2 + C, [ ê
(
-
, i / 2 + f i i j
- i i — l - — r , 
L J -r./7 + c.l 
i(~CJ2+C\)x 
Se(c«/2+c^x-i\. 
-Q/2 + C. 
-CQX 
'] 
C0/2 + C, C0/2 + C, 
Le calcul de l'intégrale extérieure dans (D.6) donne : 
Jmmxx = [(Immx(x))lx 
, ( <V2+C>_1 




e ° - 1 e ( - C 0 / 2 + C 1 ) a _ 1 




• + + -
J-c0/2+rl)û 
- Q / 2 + C. (C0/2 + C,)2 Q/2 + C, ( -Co^ + C . K - Q ^ + C.) 
e-(»a-l 
-C0(-C0/2 + C.) 
(D.9) 





g ( r 0 / 2 + r 2 ) a _ 1 e t u a - l 
(-Co/2 + C2)(-C0/2 + C2) Co(-C0/2 + C2) 
e ( - r„ /2+r 2 ) a _j 
• + - a (-C0/2 + C2)2 -C0 /2 + C2 
e ( - f „ / 2 + r 2 ) a _ 1 
, ,
 4 J<o/2+<'2)a , 
.
 e - ( f 0 /2 + C> _£ _ + . 
-(-c-0/2+r2)a 
a 




(-C0/2 + C2)(-C0/2 + C2) _C0(-C0/2 + C2) 
•(D.10) 
En suivant la même démarche, l'intégrale (D.3) peut aussi s'écrire comme suit 
Jnny ~ "*nny\ "*" **nny2 
avec 
(D.l l ) 
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nnv\ 
((„ 2*b,)a ? " - 1 (-(„/2+A,)o 









- C 0 / 2 + C, (C 0 / 2 + C,)2 C 0 / 2 + C, ( - C 0 / 2 + C i ) ( - C 0 ' 2 + C.) 
e"< u a- l 
-Co(-C0 /2 + C,) 
(D.l 2) 
^ wry 2 
-(-<0/2+A,)a 
i<o/2+Ma 1 e ( " ° - l 
(-<0/2+A,)a _ J 





a -(c0/2+é,)a e a 
(-CJ2 + CJ -C0/2 + C2 
e ( - ( „ / 2 + A l ) a _ 1 
-(<„/2+A,)a 
(C0/2 + C2)2 C0/2 + C2 • + 
(-C0/2 + C2)(-C0/2 + C2) -C0(-C0 /2 + C2) 
(D.13) 
D. 1.2 Cas d'excitation par DAF 
Pop et coll [30] ont développé la «joint acceptance » dans le cas des structures cylindriques. Le 
cas des structures planes peut facilement être déduit à partir de leurs formulations : 











I.(M) = \Cm(kL + Mn)-Cm\Mn-kL\) 
2nMkL 
I2(M) = {Sin(jtZ + M ; r ) - S i n ( M ; r - * £ ) } 
ÂKJU 
/ 3 ( M ) = 
1 - ( - ! ) " cos(ite) 
(Mnf-(kL)2 
avec Cin et Sin sont les cosinus et sinus intégral 
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D.2 Méthode numérique 
Pour certains modèles, l'intégrale de la «joint acceptance » ne peut être obtenue analytique-
ment (ex : Chase, Smol'yakove), un calcul numérique est alors nécessaire. La méthode 
d'intégration du Gauss-Kronrod [41] est une des méthodes précises permettant de calculer numé-
riquement cette intégrale. Ceci nécessite la connaissance des transformées de Fourier, des fonc-
tions de formes ainsi que l'interspectre dans le domaine des nombres d'onde. 
L'interspectre spatio-fréquentiel peut être obtenu par la transformée de Fourier inverse de Tpp 
Les équations(2.88) et (C.5) peuvent s'écrire : 
Jl 
1 - -K30 + 0 0 
<Pmn(x,y)<Pnn{x\y')dx'dy'dxdy 
(D.l 6) 
Après quelques manipulations mathématiques, l'équation (D.l6) donne : 
JL(o>) = -^ jjSpp(kx,ky,co)\smn(kx,ky)\2dkxdky (D.l 7) 
D.2.1 Calcul de \Smn(kx,ky)\ 
Le terme Sm„(kx,ky)\ peut être décomposé comme suit : 
Smn(kx>ky) = Sm(kx)Sn(ky) 
Calculons le terme Sm(kx) : 
+00 / \ 
mn
 x Sm=jsm\™xe-^dkx 
En exprimant le sinus en termes d'exponentielles complexes, on peut écrire 
* « ( * > / • 
".„Jkm —a->k». 




Ce qui conduit à : 







En développant, on obtient: 
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Sm(kx) = ~ 
^ e ^ -e-
,Ka)km +kx (e'Jk-a +e-jKa)]e'jk'a 2k 
( * - " * - ) ( * - - * - ) 
>(D.22) 
Sm{K) = - 1 
[2km cos(kma) + 2jkx sm(kma)]e-jk'a 2^ 
( * - - * ' ) 
M*>< 
^ m ( ^ ) = ' W r f l 
[(-l)"]e-^-
|5«|2 peut être calculé comme suit: 
\SS = mna 
[(-!)' ,-A" 
l e I2 l \2 
I5m| =(»Wfl) 
((M)2-(»w^)2) 
( [ ( - l ) - ]cos (^) - l ) 2 + ( s in (M)) 2 
(ft*)2-(m*)2)2 






(D.28) \S\ =2(mna) 
m] V ! i - , i i 
( ( ^ ) 2 - ( ^ ) ) 
|S„|2 est obtenue en suivant la même démarche que précédemment 
D.2.2 Calcul de Spp(kxXy,co) : 
Le deuxième terme de l'intégrale (D.l6) 5PP dépend du type d'excitation (TBL ou DAF) 
D.2.2.1 Cas d'excitation de type DAF : 




^0 & O^ ty 
La transformée de Fourier de (D.29) dans l'espace des nombres d'onde est donnée par : 
SJKXV,CO) = ——T f I — ^ ^ ^ — V V JA J^>dâdâ (D.30) PA
 " ' (2n)2H K4x K^v 
Cette intégrale peut être décomposée comme suit : 
S
Pp{kx>k>><») = A{K)B(ky) (D.31) 
Calculons le terme A(kx) de l'intégrale suivant & : 
Kx) ^ J ^ 2n 
En exprimant le sinus en termes d'exponentielles, on peut écrire 
(D.32) 
A(kxy - e JkA*dÇx 2n2i KSx (D.33) 
Ce qui permet d'écrire: 
_ 1 ^ c o s [ ( * 0 - ^ ) ^ ] - c o s [ ( * B + ^ J « g J ] . + y [ s i n [ ( ^ - t J ^ ] + s i n [ ( ^ 0 + i x ) ^ ] ] 
A(kx) = —L- f 
1 ;
 2*2yi K$x 
JÇx 
Les intégrales des deux premiers termes sont nulles, ce qui entraîne 
*(K)~± I sm.{k0-kx)Çx ^rûn{k^kx)l <+J : 
0 0 Ç>x 0 0 Ç>x 
Faisons un changement de variable x=(ko-kx)& ^c'=(*o+^)^, on aura : 







*o o X 
sin.(*„+*,)<? _ 1 7 s i n ( x ) 
-<& Si AT > -&„ 
J k E k * 
^0 0 X 
dx Si £ <-£n 
\ 
WtM^=±]fJ!iM^siK.< f c 
* . & * o o * 
'•x ^ "'O 
*.£ a 0 0 
1 ^ sinfV). 
Kn n X 
L j ^ "-o 
206 ANNEXE D~MÉTHODE NUMÉRIQUE ET ANALYTIQUE DE CALCUL DE LA JOINT 
ACCEPTENCE EN CAS DE TBL ET DAF 
1 sin(x).
 } K 
avec ^-t-dx = — 
J
 x 2 
En tenant compte des formulations précédentes 
A(kx) = 
2K 
Si \k \<k 
et 
A(kx) = 0 Si \kx\ >k0 
De même, on peut calculer le deuxième terme B(ky) de l'intégrale (D.30). 




Si |& t |<&0 et \k\ <k0 
Si | ^ | > ^ 0 e t \ky\>k0 
(D.36) 
Notons qu'en coordonnées cylindriques, la densité interspectrale en cas d'excitation de type 
DAF est donnée par : 
s i n ( V ) 
r„M)=- k0r (D.37) 
On peut montrer que la transformée de Fourier dans l'espace des nombres d'ondes s'écrit : 
1 1
= = T Si \k\<k0 
(D.38) ^(M: 2nkn ^Ri*i7*ô) 
0 Si \k\ < kn 
Les descriptions du bruit diffus dans les deux systèmes de coordonnées entraînent deux repré-
sentations relativement différentes, mais l'effet prépondérant de la corrélation se fait essentielle-
ment sur le lobe principal autour de l'origine. 
D.2.2.2 Cas d'une couche limite turbulente : 
Les modèles de [6] [10][13] dans le domaine spatial s'écrivent sous la forme suivante : 
Spp(^y,co) = e-a^e-a^e^' (D.39) 




-lk,ÇT-)k^ ]dÇxdÇy (D.40) 
L'intégrale Erreur ! Source du renvoi introuvable, peut être écrite comme le produit de deux 
termes {Spp (kx,ky,co) =A(kx)B(ky) } , avec : 
| +00 





I ' < + J< <*6 
A(K)-i; j{rx~kx) + <Xx j{ïx-kx)-<Xx 


















La Figure D. 1 montre une comparaison des puissances rayonnées calculées en se basant sur les 
deux méthodes analytique et numérique (pour le calcul de Jmn.) Dans cet exemple, le modèle de 
Corcos [6] est considéré et la puissance rayonnée est calculée pour une plaque ayant les propriétés 
citées à la section 2.5 du chapitre 2. 
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n 1 1 r 
- Calcul numérique 
- Calcul analytique 
1000 2000 3000 4000 5000 6000 7000 8000 9000 10000 
Frequence (Hz) 
Figure D. 1 : Comparaison des puissances rayonnées calculées avec les méthodes analytique et 
numérique 
ANNEXE E-VALIDATION ET COMPARAISON DE 
LA PERTE PAR TRANSMISSION SOUS UNE TBL VS 
DAF 
La Figure E 1 présente une comparaison entre la prédiction de la perte par transmission à l'aide 
du modèle présenté au chapitre 3 avec le Les résultats des éléments finis et les éléments finis de 
frontière. Dans cet exemple de validation, la perte par transmission due à une excitation par TBL 






ou n. m.eq 
'PP 
Sp0c 
née donnée par (35) du chapitre 3 
Tableau E. 1 Propriétés de la TBL et de la plaque raidie 





Ecoulement : U =140m/s 
c 
Epaisseur de TBL: 1.282 m 
plaque raidie 
Matériaux : Aluminium 
Surface de là plaque: S =1x0.6 m2 
Épaisseur de la plaque: hp=Sxl0-3 
Sections des raidisseurs: Axi=l .8E-5 m2 
Formes des raidisseurs :I 
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SOUS UNE TBL VS DAF 
Figure E 1 : Structure orthogonalement raidie 






Figure E 2: Comparaison des résultats de calcul à l'aide du modèle modale et les prédictions 
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